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FORMS OF ALMOST HOMOGENEOUS VARIETIES
OVER PERFECT FIELDS
LUCY MOSER-JAUSLIN AND RONAN TERPEREAU
Abstract. We study the forms of the almost homogeneous varieties. More
precisely, we first obtain criteria for the existence of forms in the homogeneous
case, and then we extend the Luna-Vust theory over perfect fields to determine
whether a given form of the dense open orbit of an almost homogeneous variety
comes from a form of the whole variety. Finally, we apply our results to study
the real forms of the complex almost homogeneous SL2-threefolds.
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Introduction
The goal of this article is to contribute to the study of forms of algebraic varieties
by treating the case of almost homogeneous varieties. These are the varieties on
which a connected linear algebraic group acts with a dense open orbit. Toric vari-
eties, determinantal varieties, flag varieties, symmetric varieties (and more generally
spherical varieties), nilpotent orbit closures in Lie algebras, and prehomogeneous
vector spaces are classical examples of almost homogeneous varieties.
Let k be a perfect field, let k be a fixed algebraic closure of k, and let Γ =
Gal(k/k) be the absolute Galois group of k. A k-form of a variety X over k is
any variety Z over k such that Zk = Z ×Spec(k) Spec(k) ≃ X . Giving a k-form
of X is equivalent to giving an effective descent datum on X , i.e. a continuous
homomorphism µ : Γ → Autk(X) satisfying certain properties (see §§ 1.1-1.2 for
details), in which case the corresponding k-form is X/Γ, where Γ acts on X via µ.
Since we are interested in varieties with a group action (in particular, almost
homogeneous varieties), we will only consider k-forms with symmetries coming from
the group action. More precisely, given a connected linear algebraic group G over
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k and a G-variety X over k, we will fix a k-form F of G in the category of algebraic
groups over k, and then consider the (k, F )-forms of X , i.e. the F -varieties Z over k
such that Zk ≃ X as G-varieties over k. Any such form corresponds to an effective
(G, ρ)-equivariant descent datum on X (here ρ refers to the decent datum on G
associated with the k-form F ) through the map X 7→ X/Γ.
Two descent data on an algebraic group G are equivalent if they are conjugate
by an element of Autk(G), in which case they correspond to isomorphic k-forms of
G. Two (G, ρ)-equivariant descent data on a G-variety X are equivalent if they are
conjugate by an element of AutG
k
(X), in which case they correspond to isomorphic
(k, F )-forms of X .
We can now state our mains results concerning the (k, F )-forms of arbitrary
homogeneous spaces (Proposition A and Theorem B).
Proposition A. (§ 1.4) Let G be a connected linear algebraic group over k, and
let F be a k-form of G corresponding to the descent datum ρ on G. Let H ⊆ G be
an algebraic subgroup. The homogeneous space X = G/H admits a (k, F )-form if
and only if there exists a continuous map t : Γ→ G(k) such that
(1) ργ(H) = tγHt
−1
γ for all γ ∈ Γ; and
(2) tγ1γ2 ∈ ργ1(tγ2)tγ1H for all γ1, γ2 ∈ Γ.
If (1)-(2) are verified, then a (G, ρ)-equivariant descent datum on X is given by
µ : Γ→ Autk(X), γ 7→ (gH 7→ ργ(g)tγH).
Moreover, if ρ1 and ρ2 are two strongly equivalent (i.e. conjugate by an inner au-
tomorphism of G) descent data on G, with corresponding k-forms F1 and F2, then
there is a bijection between the isomorphism classes of (k, F1)-forms and of (k, F2)-
forms of X.
Remark 0.1. The existence of a (k, F )-form of X = G/H does not depend on the
choice of a base point of X . Indeed, if the two conditions in Proposition A hold
and H ′ = sHs−1 for some s ∈ G(k), then a (G, ρ)-equivariant descent datum on
G/H ′ is given by µ′ : Γ→ Autk(G/H ′), γ 7→ (gH ′ 7→ ργ(gs)tγs−1H ′).
Remark 0.2. If ρ1 and ρ2 are two equivalent descent data on G, but not strongly
equivalent, with corresponding k-forms F1 and F2, then the existence of a (k, F1)-
form for X does not imply the existence of a (k, F2)-form for X ; see Example 1.11.
Theorem B. (§ 1.4) We keep the notation of Proposition A. Let ρc be an inner
twist of ρ (see Definition 1.2), and let Fc be the corresponding k-form of G. We
assume that the homogeneous space X = G/H admits a (k, F )-form.
(1) The homogeneous space X admits a (k, Fc)-form if and only if the cohomo-
logy class ∆H([ρc]) ∈ H2(Γ,AutGk (X)) is neutral (see § 1.3 for details). In
particular, if Z(G) ⊆ H or H = NG(H), then X admits a (k, Fc)-form.
(2) If X admits a (k, Fc)-form and Aut
G
k
(X) is abelian or Z(G) ⊆ H, then there is
a bijection between the isomorphism classes of (k, F )-forms and of (k, Fc)-forms
of X.
Remark 0.3. The first part of Theorem B is [BG, Theorem 1.6] applied to homoge-
neous spaces. We will however give a self-contained proof in § 1.4 relying only on
Proposition A.
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Remark 0.4. There are homogeneous spaces G/H admitting a (k, F )-form and a
(k, Fc)-form for which the numbers of isomorphism classes of (k, F )-forms and of
(k, Fc)-forms are distinct; see Remark 3.5. This shows that the condition that the
automorphism group AutGC (G/H) is abelian or that Z(G) ⊆ H in Theorem B(2) is
necessary.
We now consider the case where the connected linear algebraic group G over k
is reductive, and we fix once and for all a Borel subgroup B ⊆ G. As before we
denote by F a k-form of G. An F -model of an F -variety X0 over k is a pair (X, δ),
where X is an F -variety over k and δ : X0 99K X is an F -equivariant birational
map. Two models (X1, δ1) and (X2, δ2) are said to be equivalent if there exists an
F -isomorphism ϕ : X1 → X2 such that δ2 = ϕ ◦ δ1.
The main goal of the Luna-Vust theory is to classify with combinatorial objects
(in a sense that will be precised in § 2) the equivalence classes of F -models for a
given F -variety. It was established by Luna-Vust in [LV83] for almost homogeneous
G-varieties when k = k, and then later extended by Timashev in [Tim97, Tim11] for
arbitrary G-varieties when k = k. In this article we extend the Luna-Vust theory
for arbitrary F -varieties over an arbitrary perfect base field k.
Theorem C. (§ 2.3) Let F be a reductive algebraic group over k, let G = Fk, and
let X0 be an F -variety over k. The map
(X, δ) 7→ F(Xk, δk) =
{
(VGY ,DBY ), for every G-orbit Y ⊆ Xk
}
,
where (VGY ,DBY ) is the colored data of the G-orbit Y ⊆ Xk (see Definition 2.3), is
a bijection between the equivalence classes of F -models of X0 and the collections of
pairs (Wi,Ri)i∈I , where Wi ⊆ VG and Ri ⊆ DB are subsets such that
(1) the conditions listed in § A.2 are verified, i.e. the collection (Wi,Ri)i∈I cor-
responds to an equivalence class of a G-model (Z,ψ) of X0,k;
(2) the collection (Wi,Ri)i∈I is globally preserved by the Γ-actions on VG and
DB introduced in § 2.2; and
(3) the variety Z is covered by Γ-stable affine open subsets.
Remark 0.5. In fact, condition (3) of Theorem C is equivalent to the fact that
the G-variety Z is covered by Γ-stable quasiprojective open G-subvarieties (see Re-
mark 2.10), and the condition for a G-variety to be quasiprojective can be expressed
in terms of the colored data. However, if one prefers to work in the category of
algebraic spaces instead of schemes (as Wedhorn in [Wed18]), then one can get rid
of condition (3), which simplifies the statement.
Remark 0.6. If k = k and X0 is a homogeneous space, then we recover the classical
result of Luna-Vust [LV83] which actually gives a combinatorial classification of
the equivariant embeddings of X0. Other versions of Theorem C for varieties of
complexity ≤ 1 can be found in the literature; see § 2.4 for a detailed account.
Luna-Vust theory over perfect fields (Theorem C), coupled with Proposition A
and Theorem B, suggests a strategy to determine the (k, F )-forms of a given almost
homogeneous G-variety. This is detailed in § 2.5.
To illustrate this strategy, we focus on the case of the complex threefolds on
which G = SL2(C) acts with a dense open orbit. First note that, since Γ ≃ Z/2Z, a
descent datum ρ on G corresponds to a real group structure on G, i.e. an antiregular
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group involution σ : G→ G. Similarly, a (G, ρ)-equivariant descent datum on a G-
varietyX corresponds to a (G, σ)-equivariant real structure onX , i.e. an antiregular
involution µ : X → X such that
∀g ∈ G, ∀x ∈ X, µ(g · x) = σ(g) · µ(x).
Also, any real group structure on G is strongly equivalent either to σs : g 7→ g or
to σc : g 7→ tg−1 with corresponding real loci SL2(R) and SU2(C) respectively (see
§ 3.1 for details, here g indicates the complex conjugate of g). Moreover, if X is an
almost homogeneous G-threefold, then it contains a dense open orbit isomorphic to
G/H with H ⊆ G a finite subgroup and these are well-known (see Proposition 3.1):
there are the cyclic groups of order n (conjugate to An), the binary dihedral groups
of order 4n − 8 (conjugate to Dn with n ≥ 4), and the binary polyhedral groups
(conjugate to En with n ∈ {6, 7, 8}).
Theorem D. (§ 3.2) Let H be a finite subgroup of G = SL2(C), and let σ be
a real group structure on G corresponding to the real form F or G. Then the
equivalence classes of the (G, σ)-equivariant real structures µ on X = G/H, which
are in bijection with the isomorphism classes of the (R, F )-forms of X through the
map X 7→ X/ 〈µ〉, and their real loci are listed in the table of Appendix C.
We now move on to the almost homogeneous case and give a criterion for a
(G, σ)-equivariant real structure on G/H to extend to a given G-equivariant em-
bedding G/H →֒ X . The next result is obtained by specializing Theorem C in
this setting. We refer to Appendix B for a description of the colored equipment
(VG(G/H),DB(G/H)) of G/H and for the types of the orbits.
Theorem E. (§ 3.3) Let H be a finite subgroup of G = SL2(C), let σ be a real
group structure on G corresponding to the real form F of G, and let µ be a (G, σ)-
equivariant real structure on G/H. Let X be a G-equivariant embedding of G/H.
Then µ extends to an effective (G, σ)-equivariant real structure µ˜ on X, which
corresponds to an (R, F )-form of X through the map X 7→ X/ 〈µ˜〉, if and only if
(1) the Γ-actions on VG(G/H) and DB(G/H) induced by µ (see § 3.3) preserves
the collection of colored data of the G-orbits of X; and
(2) every G-orbit of X of type B0 or B− is stabilized by the Γ-action.
Examples where we apply Theorem E to determine the real forms of certain G-
equivariant embeddings of G and PGL2(C) can be found in § 3.3. The next result,
which concerns the real forms of the minimal smooth completions of G/H when H
is non-cyclic (see § 3.4 for details), is a byproduct of Theorems D and E.
Corollary F. (§ 3.4) Let H be a non-cyclic finite subgroup of G = SL2(C), and let
σ be a real group structure on G corresponding to a real form F of G.
• If H is conjugate to D4, then each minimal smooth completion G/H →֒ X
admits exactly two inequivalent (G, σ)-equivariant real structures.
• If H is conjugate to E6, E7, E8, or Dn with n ≥ 5, then each minimal smooth
completion G/H →֒ X admits exactly one (G, σ)-equivariant real structure.
Hence, there is always a unique (R, F )-form for X, except when H is conjugate to
D4, in which case there are exactly two non-isomorphic (R, F )-forms for X.
Remark 0.7. In the setting of Corollary F, a table with the list of the (G, σ)-
equivariant real structures on G/H that extend to the minimal smooth completions
G/H →֒ X can be found at the end of § 3.4.
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The three main sections are mostly independent, though strongly related, and
can be read in any order according to the reader’s interests.
In Section 1 we focus on the problem of the existence of forms, and the parame-
trization of their isomorphism classes, for any homogeneous space G/H (Proposi-
tion A and Theorem B).
In Section 2 we briefly recall the Luna-Vust theory that classifies the G-varieties
inside a given G-birational class when the base field is algebraically closed, this
theory was originally introduced to classify the G-equivariant embeddings of homo-
geneous spaces, then we extend it for perfect base fields (Theorem C).
In Section 3 we study the real forms of the complex almost homogeneous SL2(C)-
threefolds. To simplify the notation in this section, we replace the terminology of
descent data by the one of real structures. We first consider the homogeneous case
(Theorem D). Then we specialize the Luna-Vust theory in this setting to determine
when a descent datum on the dense open orbit X0 = SL2(C)/H , corresponding
to a real form of X0, extends to a given SL2(C)-equivariant embedding X0 →֒ X
(Theorem E). Finally, for illustrative purposes, we apply Theorems D and E to
determine the real forms of the minimal smooth completions of X0 when H is
non-cyclic (Corollary F).
Regarding the appendices: First, in Appendix A, we recall some technical con-
ditions that appear in several statements of the Luna-Vust theory. Second, in
Appendix B, we recall how the Luna-Vust theory specializes to classify the SL2(C)-
equivariant embeddings of X0 = SL2(C)/H when H is a finite subgroup (this is
used in §§ 3.3-3.4). Thirdly, in Appendix C, we give the list of all the equivariant
real structures on X0, each of which corresponding to a real form of X0, and of
their real loci (see Theorem D).
Notation
Let k be a perfect field. We denote by k a fixed algebraic closure of k, and
by Γ = Gal(k/k) the absolute Galois group of k. Since k is perfect, the field
extension k →֒ k is Galois and Γ is a profinite group endowed with the Krull
topology; see [Ber10, § I] for a detailed account on Galois extensions and Galois
groups. An abstract (abelian) group, endowed with the discrete topology, on which
Γ acts continuously is called an (abelian) Γ-group. If G is an abstract group (or
any set) and θ : Γ → G is a continuous map, then it factors through the quotient
homomorphism Γ 7→ Γ/U ≃ Gal(k′/k), where U ⊆ Γ is an open normal subgroup
and k′ = k
U
is a finite Galois extension of k; see [Ber10, § II.3] for details.
In this article an algebraic variety (over k) is a separated scheme of finite type
(over k) which is geometrically integral and geometrically normal. An algebraic
group (over k) is a finite type group scheme (over k) which is smooth. By an
algebraic subgroup, we always mean a closed and reduced subgroup scheme. In
particular, we only consider homogeneous spaces with reduced stabilizers.
A reductive algebraic group F is always assumed to be geometrically connected
for the Zariski topology and of simply-connected type, i.e. Fk = F ×Spec(k) Spec(k)
is isomorphic to a product of a torus and a simply-connected semisimple group. We
will always denote by F an algebraic group over k and by G an algebraic group over
k. Also, we will denote by Z(G) the center of G and, when H ⊆ G is an algebraic
subgroup, by NG(H) the normalizer of H in G.
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When we write ”the homogeneous space G/H” we always implicitly refer to a
pair (X0, x0), where X0 is a homogeneous G-variety over k and x0 ∈ X0(k) satisfies
StabG(x0) = H as a subgroup scheme of G. An equivariant embedding of G/H is a
pair (X, x) formed by a G-variety X over k and x ∈ X(k) such that Stabx(G) = H ,
as a subgroup scheme of G, and the G-orbit of x is a dense open subset of X . Two
equivariant embeddings (X1, x1) and (X2, x2) of G/H are said to be isomorphic if
there exists a G-equivariant isomorphism ψ : X1 → X2 such that ψ(x1) = x2. To
simplify notation, we will only write X instead of (X, x) to denote an equivariant
embedding of G/H , except when the k-point x plays an important role.
We refer to [Mil17] for the background concerning algebraic groups and algebraic
varieties endowed with algebraic group actions.
1. Forms of homogeneous spaces
Let k be a perfect field, let G be an algebraic group over k, and let H ⊆ G be
an algebraic subgroup.
In §§ 1.1-1.2 we recall the basic notions of forms and descent data for algebraic
groups and algebraic varieties with algebraic group action. In § 1.3 we define the
cohomological invariant ∆H([ρc]) that appears in the statement of Theorem B.
Then in § 1.4 we prove Proposition A and Theorem B.
1.1. Forms, descent data, and inner twists for algebraic groups.
Definition 1.1.
• A k-form of the algebraic group G is an algebraic group F over k together with
an isomorphism Fk = F ×Spec(k) Spec(k) ≃ G of algebraic groups (over k).
• A descent datum on G is a continuous homomorphism ρ : Γ → Autk(G) such
that, for each γ ∈ Γ, we have a commutative diagram
G
ργ
//

G

Spec(k)
(γ∗)−1
// Spec(k),
where ργ is a scheme automorphism over Spec(k) and the induced morphism
γ∗G→ G is an isomorphism of algebraic groups over Spec(k).
• Two descent data ρ1 and ρ2 on G are equivalent if there exists ψ ∈ Autk(G)
such that ∀γ ∈ Γ, ρ2,γ = ψ ◦ ρ1,γ ◦ ψ−1.
They are strongly equivalent if we can take ψ ∈ Innk(G) (=the subgroup of
inner automorphisms). If h ∈ G(k), we denote by innh the inner automorphism
of G defined by innh : G→ G, g 7→ hgh−1.
If F is a k-form of G, then the homomorphism Γ→ Autk(Fk), γ → Id× (γ∗)−1
gives a descent datum on G ≃ Fk.
Conversely, if Γ → Autk(G) is a descent datum on G, then the quotient space
F = G/Γ is a k-form of G (see e.g. [BS64, § 2.12]); an isomorphism G ∼−→ Fk is
given by (q, f), where q : G→ F is the quotient morphism and f : G→ Spec(k) is
the structure morphism.
This induces a one-to-one correspondence between the (isomorphism classes of)
k-forms of G and the (equivalence classes of) descent data on G.
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Definition 1.2. Let ρ : Γ→ Autk(G) be a descent datum, and let c : Γ→ G(k) be
a continuous map. If the continuous map
ρc : Γ→ Autk(G), γ 7→ (g 7→ inncγ ◦ ργ(g) = cγργ(g)c−1γ )
is a descent datum on G, then it is called an inner twist of ρ.
We fix a descent datum ρ on G; it induces a descent datum on Z(G) and G/Z(G).
We denote by Z1(Γ, (G/Z(G))(k)) the set of 1-cocycles with values in the Γ-group
(G/Z(G))(k) and by H1(Γ, (G/Z(G))(k)) the corresponding first cohomology set;
see [Ber10, § II.3] for the definitions of these two pointed sets.
Lemma 1.3. Let ρ : Γ → Autk(G) be a descent datum, and let c : Γ → G(k) be a
continuous map. Then the following hold:
(1) The continuous map ρc is a descent datum on G if and only if the continuous
map c : Γ→ (G/Z(G))(k), γ 7→ cγ is an element of Z1(Γ, (G/Z(G))(k)).
(2) The descent data ρc1 and ρc2 are equal if and only if c1 = c2.
(3) The descent data ρc1 and ρc2 are strongly equivalent (Definition 1.1) if and
only if c1 and c2 are cohomologous.
Proof. (1): Let us note that the map ρc is a descent datum if and only if the
continuous map Γ→ Autk(G), γ 7→ ρc,γ is a homomorphism, i.e.
∀γ1, γ2 ∈ Γ, ρc,γ1γ2 = ρc,γ1 ◦ ρc,γ2 .
Developing and simplifying these equalities, we observe that it is equivalent to the
cocycle condition for c
(2): This follows from considering the equalities ρc1,γ = ρc2,γ for all γ ∈ Γ.
(3): The two 1-cocycles c1 and c2 are cohomologous if there exists g ∈ G(k) such
that ∀γ ∈ Γ, c2,γργ(g)c−11,γg−1 ∈ Z(G)(k).
On the other hand, the descent data ρc1 and ρc2 are strongly equivalent is there
exists g ∈ G(k) such that, for all h ∈ G(k) and all γ ∈ Γ, we have
ρc2,γ(ghg
−1) = gρc1,γ(h)g
−1 ⇔ c2,γργ(g)ργ(h)ργ(g)−1c−12,γ = gc1,γργ(h)c−11,γg−1
⇔ c−11,γg−1c2,γργ(g) ∈ Z(G)(k)
⇔ c2,γργ(g)c1,γg−1 ∈ Z(G)(k).
This finishes the proof of the lemma. 
Therefore, by Lemma 1.3, the set Z1(Γ, (G/Z(G))(k)) identifies with the inner
twists of ρ and the set H1(Γ, (G/Z(G))(k)) identifies with the strong equivalence
classes of inner twists of ρ. These identifications will be used to define the map ∆H
in § 1.3.
1.2. Forms and descent data for algebraic varieties with group action. We
fix a descent datum ρ on G, and we denote the corresponding k-form by F = G/Γ.
Definition 1.4.
• A (k, F )-form of a G-variety X (over k) is an F -variety Z (over k) together with
an isomorphism Zk ≃ X of G-varieties, where G acts on Zk through Fk ≃ G.
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• A (G, ρ)-equivariant descent datum on X is a continuous homomorphism Γ→
Autk(X) such that the following condition holds
(A) ∀γ ∈ Γ, ∀g ∈ G(k), ∀x ∈ X(k), µγ(g · x) = ργ(g) · µγ(x)
and, for each γ ∈ Γ, we have a commutative diagram
X
µγ
//

X

Spec(k)
(γ∗)−1
// Spec(k)
where µγ is a scheme automorphism over Spec(k).
• Two (G, ρ)-equivariant descent data µ1 and µ2 on X are equivalent if there
exists ϕ ∈ AutG
k
(X) such that
∀γ ∈ Γ, µ2,γ = ϕ ◦ µ1,γ ◦ ϕ−1.
Let X be a G-variety. As for algebraic groups, there is a one-to-one correspon-
dence between the (isomorphism classes of) (k, F )-forms of X and the (equivalence
classes of) effective (G, ρ)-equivariant descent data on X (see e.g. [Bor20, § 5]).
Here the word effective means that X is covered by Γ-stable affine open subsets,
i.e. that the quotient X/Γ, which always exists as an algebraic space, is actually a
variety (see [SGA03, Proposition V.1.8]). Let us note that if X is quasiprojective
or covered by Γ-stable quasiprojective open subsets, then the Chevalley-Kleiman
quasiprojectivity criterion (see [Ben13, Corollary 2]) implies that X is covered by
Γ-stable affine open subsets. In particular, since homogeneous spaces under the
action of a connected algebraic group are quasiprojective (this follows for instance
from [Bri17, Theorem 1]), equivariant descent data on such varieties are always
effective.
Once one knows the existence of a (G, ρ)-equivariant descent datum µ on X , one
can use Galois cohomology to parametrize the equivalence classes of all of them.
First, observe that the group AutG
k
(X) is endowed with a continuous Γ-action:
(B) innµ : Γ×AutGk (X)→ AutGk (X), (γ, ϕ) 7→ µγ ◦ ϕ ◦ µ−1γ .
Then the next result is a straightforward consequence of the definition of cohomo-
logous 1-cocycles with values in the Γ-group AutG
k
(X).
Proposition 1.5. ([Wed18, Corollary 8.2]) Let X be a G-variety, and let µ be a
(G, ρ)-equivariant descent datum on X. There is a bijection of pointed sets
H1(Γ,AutG
k
(X))
∼−→
{
equivalence classes of
(G, ρ)-equivariant descent data on X
}
[Γ→ AutG
k
(X), γ 7→ cγ ] 7→ [Γ→ Autk(X), γ 7→ (x 7→ cγ ◦ µγ(x))].
We recall the following classical result that describes AutG
k
(X) in the case where
X is a homogeneous space.
Proposition 1.6. ([Tim11, Proposition 1.8]) Assume that G is linear and let H ⊆
G be an algebraic subgroup. Then there is an isomorphism of groups
(NG(H)/H)(k)
∼−→ AutG
k
(G/H), nH 7→ (ϕnH : gH 7→ gn−1H).
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It is a difficult problem in general to determine whether a given G-variety admits
a finite number of isomorphism classes of (k, F )-forms. However, in the homoge-
neous case we have the following well-known result.
Corollary 1.7. Assume that for every n ∈ N, there exist only a finite number of
subextensions of k which are of degree n over k (such a field is called field of type
(F) in [Ser02]). If G is linear and X ≃ G/H is a homogeneous space, then X
admits a finite number of isomorphism classes of (k, F )-forms.
Proof. It suffices to prove that the number of equivalence classes of (G, ρ)-equiva-
riant descent data on X is finite.
Assume that there exists at least one (G, ρ)-equivariant descent datum µ on
X , otherwise there is nothing to prove. Then, by Proposition 1.5, the number of
equivalence classes of (G, ρ)-equivariant descent data on X is equal to the cardinal
of the set H1(Γ,AutG
k
(X)), where Γ acts on AutG
k
(X) by µ-conjugation.
Since the algebraic group G is linear, the group AutG
k
(X) ≃ (NG(H)/H)(k) is
also linear. Then [Ser02, Chp. III,§ 4.3, Theorem 4] yields the finiteness of the set
H1(Γ,AutG
k
(X)), which finishes the proof. 
1.3. A cohomological invariant. From now on we assume that the algebraic
group G is linear and connected. As before we fix a descent datum ρ on G and we
consider the short exact sequence of Γ-groups
1→ Z(G)(k)→ G(k)→ (G/Z(G))(k)→ 1.
There is a connecting homomorphism
δ : H1(Γ, (G/Z(G))(k)) → H2(Γ, Z(G)(k))
[c : Γ→ (G/Z(G))(k), γ 7→ cγ ] 7→ [Γ
2
→ Z(G)(k), (γ1, γ2) 7→ cγ1ργ1(cγ2)c
−1
γ1γ2)]
where c : Γ→ G(k) is a continuous lift of c satisfying ce = IdG and H2(Γ, Z(G)(k))
is the second cohomology group (and not just a pointed set since Z(G)(k) is an
abelian Γ-group); see [Ber10, § II] for the definition of this cohomology group and
of the connecting homomorphism.
Let H ⊆ G be an algebraic subgroup, and assume that the homogeneous space
X = G/H admits a (G, ρ)-equivariant descent datum µ. Then AutG
k
(X) is endowed
with a continuous Γ-action denoted by innµ (see (B) for the definition of innµ), and
the homomorphism κ obtained by composing the following homomorphisms
(C) κ : Z(G)(k) →֒ NG(H)(k)։ (NG(H)/H)(k) ∼−→ AutGk (X), z 7→ (x 7→ z−1 ·x)
is Γ-equivariant. It induces a map between second pointed sets of Galois cohomology
λH : H
2(Γ, Z(G)(k))→ H2(Γ,AutG
k
(X)), [(ρ, α)] 7→ [(innµ, κ ◦ α)].
We refer to [Bor93, § 1.5] for the definition of the second nonabelian Galois coho-
mology set. It is also defined in [Spr66, § 1.14]. (Note, however, that in loc. cit. the
convention differs slightly from ours. More precisely, a 2-cocycle (τ, β) in the present
article and in [Bor93] corresponds to a 2-cocycle (τ, β−1) in [Spr66].) We denote by
∆H : H
1(Γ, (G/Z(G))(k))→ H2(Γ,AutG
k
(X))
the map obtained by composing δ and λH .
If AutG
k
(X) is an abelian group, then H2(Γ,AutG
k
(X)) is also an abelian group
and ∆H is a group homomorphism. In this case, the neutral element is called
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neutral cohomology class in H2(Γ,AutG
k
(X)). In the general case, the definition of
a neutral cohomology class is the following:
Definition 1.8. ([Bor93, § 1.6]) The class of a 2-cocycle [(τ, β)] ∈ H2(Γ,AutG
k
(X))
is neutral if there exists a continuous map d : Γ→ AutG
k
(X) such that
∀γ1, γ2 ∈ Γ, dγ1γ2 ◦ βγ1,γ2 ◦ τγ1(dγ2)−1 ◦ d−1γ1 = IdX .
In particular, identifyingH1(Γ, (G/Z(G))(k)) with the strong equivalence classes
of inner twists of ρ (see § 1.1) and using AutG
k
(X) ≃ (NG(H)/H)(k) (see Propo-
sition 1.6), we verify that the cohomology class ∆H([ρc]) is neutral if and only if
there exists a continuous map n : Γ→ NG(H)(k) such that
(D) ∀γ1, γ2 ∈ Γ, ϕnγ1γ2H ◦ ϕcγ1ργ1 (cγ2 )c−1γ1γ2H ◦ µγ1 ◦ ϕ
−1
nγ2H
◦ µ−1γ1 ◦ ϕ−1nγ1H = IdX .
The cohomology class ∆H([ρc]) is the cohomological invariant to which the title
of the subsection refers. Let us note that, in the nonabelian case, the subset of
neutral cohomology classes in H2(Γ,AutG
k
(X)) may be empty or large.
1.4. Existence of forms for homogeneous spaces. In this subsection we prove
Proposition A and Theorem B.
Recall that we denote by G a connected linear algebraic group over k, by H ⊆ G
an algebraic subgroup, by ρ a descent datum on G, and by F = G/Γ the k-form of
G corresponding to ρ.
Proposition 1.9. The homogeneous space X = G/H admits a (k, F )-form if and
only if there exists a continuous map t : Γ→ G(k) such that
(1) ργ(H) = tγHt
−1
γ for all γ ∈ Γ; and
(2) tγ1γ2 ∈ ργ1(tγ2)tγ1H for all γ1, γ2 ∈ Γ.
If (1)-(2) are verified, then a (G, ρ)-equivariant descent datum on X is given by
(E) µ : Γ→ Autk(X), γ 7→ (gH 7→ ργ(g)tγH).
Moreover, two continuous maps t1, t2 : Γ → G(k) as above correspond to the same
(k, F )-form if and only if t2,γ ∈ t1,γH(k) for all γ ∈ Γ, and they correspond to
isomorphic (k, F )-forms if and only if there exists n ∈ NG(H)(k) such that t2,γ ∈
ργ(n)t1,γn
−1H(k) for all γ ∈ Γ.
Proof. Since X = G/H is a quasiprojective variety, it admits a (k, F )-form if and
only if it admits a (G, ρ)-equivariant descent datum.
Assume that X admits a (G, ρ)-equivariant descent datum µ. Then µ is deter-
mined by the collection of µγ(eH) ∈ (G/H)(k) for every γ ∈ Γ. Let t : Γ→ G(k) be
the continuous map such that µγ(eH) = tγH . Then property (A) in Definition 1.4
implies condition (1) since
∀γ ∈ Γ, tγH = µγ(eH) = µγ(H · eH) = ργ(H) · µγ(eH) = ργ(H)tγH.
Moreover, γ 7→ µγ being a homomorphism yields condition (2) since
∀γ1, γ2 ∈ Γ, tγ1γ2H = µγ1γ2(eH) = µγ1(µγ2(eH)) = µγ1(tγ2H) = ργ1(tγ2)tγ1H.
Then, for all γ ∈ Γ and all gH ∈ (G/H)(k), we have
µγ(gH) = ργ(g)µγ(eH) = ργ(g)tγH.
Conversely, if there exists a continuous map t : Γ→ G(k) satisfying conditions (1)
and (2), then the map defined by (E) is a (G, ρ)-equivariant descent datum on X .
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More precisely, Condition (1) ensures that for all g ∈ G(k) and all h ∈ H(k), we
have µγ(gH) = µγ(ghH), i.e. that the map µ is well-defined, and Condition (2)
ensures that γ 7→ µγ is a homomorphism.
Finally, using (E) and Proposition 1.6, the last sentence of the proposition is an
easy consequence of the fact that isomorphic (k, F )-forms correspond to equivalent
descent data. We omit the details of this part of the proof. 
Corollary 1.10. Let ρ1 and ρ2 be two strongly equivalent descent data on G, with
corresponding k-forms F1 and F2, and let X = G/H be a homogeneous space.
Then there is a bijection between the (isomorphism classes of) (k, F1)-forms and
the (isomorphism classes of) (k, F2)-forms of X.
Proof. Let g ∈ G(k) such that ρ2 = inng ◦ρ1 ◦ inn−1g . By Proposition 1.9, a (k, F1)-
form on X corresponds to a continuous map t1 : Γ→ G(k) such that conditions (1)
and (2) of Proposition 1.9 are satisfied.
We define a continuous map t2 : Γ → G(k), γ 7→ gρ1,γ(g)−1t1,γ . Then, for all
γ ∈ Γ, we have
ρ2,γ(H) = inng ◦ ρ1,γ ◦ inn−1g (H) = gρ1,γ(g)−1t1,γHt−11,γρ1,γ(g)g−1 = t2,γHt−12,γ
and, for all γ1, γ2 ∈ Γ, we have
t2,γ1γ2 = gρ1,γ1γ2(g)
−1t1,γ1γ2 ∈ gρ1,γ1γ2(g)−1ρ1,γ1(t1,γ2)t1,γ1H
= gρ1,γ1(ρ1,γ2(g)
−1t1,γ2)ρ1,γ1(g)g
−1t2,γ1H
= ρ2,γ1(t2,γ2)t2,γ1H.
Hence, conditions (1) and (2) of Proposition 1.9 hold for the continuous map t2,
i.e. it corresponds to a (k, F2)-form on X . Then we verify that the map t1 7→ t2
induces a bijection between the (isomorphism classes of) (k, F1)-forms and the
(isomorphism classes of) (k, F2)-forms of X . 
Proof of Proposition A: The first part of Proposition A is Proposition 1.9 and the
second part is Corollary 1.10. 
We now give an example of two equivalent descent data ρ1 and ρ2 on G, but not
strongly equivalent, with corresponding k-forms F1 and F2, such that X = G/H
admits a (k, F1)-form but does not admit a (k, F2)-form.
Example 1.11. Let k = R, let G = G2m,C, and let H = {1} × Gm,C. Then
Γ = {1, γ} ≃ Z/2Z. Let ρ1,γ : G → G, (u, v) 7→ (u, v−1), let ϕ : G → G, (u, v) 7→
(uv, v), and let ρ2,γ = ϕ◦ρ1,γ ◦ϕ−1 : G→ G, (u, v) 7→ (uv−2, v−1). Then ρ1,γ(H) =
H but ρ2,γ(H) = {(t2, t) | t ∈ Gm,C} 6= H , and so X = G/H admits a (k, F1)-form
but it does not admit a (k, F2)-form by Proposition 1.9.
The following theorem was proved by Borovoi-Gagliardi [BG, Theorem 1.6] for
arbitrary quasiprojective G-varieties. Since the proof in the homogeneous case is
easier and relies only on Proposition 1.9 we include it for the sake of completeness.
Theorem 1.12. ([BG, Theorem 1.6] applied to homogeneous spaces)
Let ρc be an inner twist of ρ and let Fc be the corresponding k-form of G. Let
X = G/H be a homogeneous space which admits a (k, F )-form. It admits a (k, Fc)-
form if and only if the cohomology class ∆H([ρc]) is neutral, i.e. (D) holds.
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Proof. The variety X = G/H admits a (k, F )-form if and only if there exists a
continuous map t : Γ → G(k) such that conditions (1) and (2) of Proposition 1.9
are satisfied. When these two conditions are satisfied, a (G, ρ)-equivariant descent
datum on X is given by the map µ defined by (E). Since
∀γ ∈ Γ, ∀ϕnH ∈ AutGk (X) ≃ (NG(H)/H)(k), µγ ◦ ϕnH ◦ µ−1γ = ϕt−1γ ργ (n)tγH ,
we can simplify (D); this yields
(D)⇔ ϕnγ1γ2H ◦ ϕcγ1ργ1 (cγ2 )c−1γ1γ2H ◦ ϕt−1γ1 ργ1 (nγ2 )−1tγ1H ◦ ϕn−1γ1 H = IdX
⇔ nγ1γ2cγ1ργ1(cγ2)c−1γ1γ2t−1γ1 ργ1(nγ2)−1tγ1n−1γ1 ∈ H
⇔ cγ1γ2ργ1(cγ2)−1c−1γ1 ∈ nγ1γ2t−1γ1 ργ1(nγ2)−1tγ1n−1γ1 H.
Therefore, the cohomology class ∆H([ρc]) is neutral if and only if there exists a
continuous map n : Γ→ NG(H)(k) such that the following holds:
(F) ∀γ1, γ2 ∈ Γ, cγ1γ2ργ1(cγ2)−1c−1γ1 ∈ nγ1γ2t−1γ1 ργ1(nγ2)−1tγ1n−1γ1 H.
(⇒): We suppose that X admits a (k, Fc)-form. Hence there exists a continuous
map s : Γ→ G(k) such that conditions (1) and (2) of Proposition 1.9 are satisfied.
This implies
∀γ ∈ Γ, sγHs−1γ = cγtγHt−1γ c−1γ ,
and so we can define a continuous map
m : Γ→ NG(H)(k), γ 7→ s−1γ cγtγ .
Then
cγ1γ2ργ1(cγ2)
−1c−1γ1 = sγ1γ2mγ1γ2t
−1
γ1γ2
ργ1(sγ1mγ2t
−1
γ2
)−1c−1γ1
∈ (ρc,γ1(sγ2)sγ1H)mγ1γ2(Ht−1γ1 ργ1(tγ2)−1)ργ1(tγ2)ργ1(mγ2)−1ργ1(s−1γ2 )c−1γ1
= cγ1ργ1(sγ2)c
−1
γ1
sγ1mγ1γ2Ht
−1
γ1
ργ1(mγ2)
−1ργ1(sγ2)
−1c−1γ1 .
But cγ1γ2ργ1(cγ2)
−1c−1γ1 ∈ Z(G)(k), so conjugating on both side by ργ1(sγ2)−1c−1γ1
yields
cγ1γ2ργ1(cγ2)
−1c−1γ1 ∈ c−1γ1 sγ1mγ1γ2Ht−1γ1 ργ1(mγ2)−1
= tγ1m
−1
γ1
mγ1γ2Ht
−1
γ1
ργ1(mγ2)
−1.
Conjugating again on both sides by mγ1t
−1
γ1
yields
cγ1γ2ργ1(cγ2)
−1c−1γ1 ∈ mγ1γ2Ht−1γ1 ργ1(mγ2)−1tγ1m−1γ1 .
Also, we verify that t−1γ1 ργ1(mγ2)
−1tγ1 ∈ NG(H)(k), which yields
cγ1γ2ργ1(cγ2)
−1c−1γ1 ∈ mγ1γ2t−1γ1 ργ1(mγ2)−1tγ1m−1γ1 H.
Hence, (F) holds, i.e. the cohomology class ∆H([ρc]) is neutral.
(⇐): We assume that the cohomology class ∆H([ρc]) is neutral, i.e. that there
exists a continuous map n : Γ→ NG(H)(k) such that (F) holds.
We define a continuous map s : Γ→ G(k), γ 7→ sγ := cγtγn−1γ . Then
∀γ ∈ Γ, ρc,γ(H) = cγρ(H)c−1γ = sγHs−1γ .
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Moreover, unraveling the previous equalities yields that (F) is equivalent to
∀γ1, γ2 ∈ Γ, cγ1γ2ργ1(cγ2)−1c−1γ1 ∈ ρc,γ1(sγ2)sγ1Hnγ1γ2t−1γ1γ2ργ(cγ2)−1c−1γ1
and so, simplifying on both sides by ργ1(cγ2)
−1c−1γ1 yields
∀γ1, γ2 ∈ Γ, cγ1γ2 ∈ ρc,γ1(sγ2)sγ1Hnγ1γ2t−1γ1γ2
which is equivalent to
∀γ1, γ2 ∈ Γ, sγ1γ2 ∈ ρc,γ1(sγ2)sγ1H.
Hence the continuous map s : Γ → G(k) satisfies the two conditions of Proposi-
tion 1.9, i.e. X admits a (k, Fc)-form. 
Corollary 1.13. We keep the assumptions of Theorem 1.12. If Z(G) ⊆ H or
H = NG(H), then X = G/H admits a (k, Fc)-form.
Proof. The conditions Z(G) ⊆ H or H = NG(H) imply both that the map κ,
defined by (C), is trivial. Therefore the cohomology class ∆H([ρc]) is neutral, and
so X admits a (k, Fc)-form by Theorem 1.12. 
Proposition 1.14. We keep the assumptions of Theorem 1.12 and we assume that
X = G/H admits a (k, Fc)-form. If Aut
G
k
(X) is abelian or Z(G) ⊆ H, then there is
a bijection between the (isomorphism classes of) (k, F )-forms and the (isomorphism
classes of) (k, Fc)-forms of X.
Proof. By Proposition 1.9, there exist continuous maps t : Γ → G(k) and s : Γ →
G(k) such that
µ : Γ→ Autk(X), γ 7→ (gH 7→ ργ(g)tγH).
is a (G, ρ)-equivariant descent datum on X and
µ′ : Γ→ Autk(X), γ 7→ (gH 7→ ρc,γ(g)sγH).
is a (G, ρc)-equivariant descent datum on X . Also note that the equalities ργ(H) =
tγHt
−1
γ and ρc,γ(H) = sγHs
−1
γ imply that s
−1
γ cγtγ ∈ NG(H)(k). This yields a
continuous map
n : Γ→ NG(H)(k), γ 7→ nγ := s−1γ cγtγ .
By Proposition 1.5, to prove the statement it suffices to construct a bijection
between the sets H1((Γ, µ),AutG
k
(X)) and H1((Γ, µ′),AutG
k
(X)), where the no-
tation (Γ, µ) and (Γ, µ′) means that Γ acts on AutG
k
(X) through innµ and innµ′
respectively.
Recall that (NG(H)/H)(k)
∼−→ AutG
k
(X), mH 7→ ϕmH (Proposition 1.6). Then,
for all γ ∈ Γ and all mH ∈ (NG(H)/H)(k), we have
innµ(γ, ϕmH) := µγ ◦ ϕmH ◦ µ−1γ = ϕt−1γ ργ (m)tγH ; and
innµ′(γ, ϕmH) := µ
′
γ ◦ ϕmH ◦ µ′−1γ = ϕs−1γ ρc,γ(m)sγH
= ϕ(cγtγn−1γ )−1ρc,γ (m)cγtγn−1γ H
= ϕnγt−1γ ργ (m)tγn−1γ H .
Moreover ργ(H) = tγHt
−1
γ implies that t
−1
γ ργ(m)tγ ∈ NG(H)(k). Hence, if the
group NG(H)/H is abelian, we have nγt
−1
γ ργ(m)tγn
−1
γ H = t
−1
γ ργ(m)tγH . On the
other hand, if Z(G) ⊆ H , we can take sγ = cγtγ (i.e. nγ = 1) and verify that the two
conditions of Proposition 1.9 holds using the fact that cγ1ργ1(cγ2)c
−1
γ1γ2
∈ Z(G)(k).
14 LUCY MOSER-JAUSLIN AND RONAN TERPEREAU
Either way, we see that innµ(γ, ϕnH) = innµ′(γ, ϕnH), for all γ ∈ Γ and all
nH ∈ (NG(H)/H)(k). Therefore, the identity map is an isomorphism between the
Γ-groups (AutG
k
(X), innµ) and (Aut
G
k
(X), innµ′), and so the corresponding pointed
sets H1((Γ, µ),AutG
k
(X)) and H1((Γ, µ′),AutG
k
(X)) are in bijection. This finishes
the proof. 
Proof of Theorem B: Part (1) is Theorem 1.12 together with Corollary 1.13, and
part (2) is Proposition 1.14. 
Let us mention that forms of spherical homogeneous spaces (see Definition 2.13)
over an arbitrary base field of characteristic zero were studied by Borovoi and
Gagliardi in [Bor20, BG]. The reader is referred to [MJT, § 3] and [BG, § 11] for
examples of spherical homogeneous spaces for which versions of Proposition A and
Theorem B are applied to determine their (k, F )-forms.
2. Luna-Vust theory over perfect fields
In the founding paper [LV83] Luna and Vust studied equivariant embeddings of
homogeneous spaces under the action of a reductive algebraic group and gave a
combinatorial classification of these embeddings when the base field is algebraically
closed of characteristic zero. Later in [Tim97, Tim11] Timashev extended the re-
sults of Luna-Vust to classify the (not necessarily almost homogeneous) G-varieties
in a given G-birational class when the base field is algebraically closed of arbitrary
characteristic.
Our main objective in § 2 is twofold: First we recall how this combinatorial
classification works when the base field is algebraically closed (in § 2.1), then we
explain how this classification extends when the base field is perfect (in §§ 2.2-2.3).
Moreover, in § 2.4 we briefly review how the Luna-Vust theory specializes for certain
families of varieties of complexity ≤ 1, and finally in § 2.5 we explain our strategy
to determine the forms of arbitrary almost homogeneous varieties using the results
obtained in §§ 1-2. This strategy will be then applied in § 3 to determine the real
forms of complex almost homogeneous SL2(C)-threefolds.
2.1. Recollection on Luna-Vust theory over algebraically closed fields.
Let k be an algebraically closed field, let G be a reductive algebraic group over k,
let B be a Borel subgroup of G, and let X0 be a G-variety over k.
In this subsection we give a brief overview of the Luna-Vust theory, which is
detailed in [Tim11, Chapter 3], concentrating only on the essential information
necessary to understand the content of Theorem C. The goal of this theory is to
classify the G-varieties in the G-birational class of X0 (i.e. G-equivariantly bira-
tional to X0) in terms of certain combinatorial objects depending on X0. In § 2.3
we will see how to adapt this combinatorics to classify G-varieties over perfect fields.
Definition 2.1. (Colored equipment of the G-variety X0.)
• Let K = k(X0) be the function field of X0. The group G acts naturally on K.
• By a valuation ν of K we mean a surjective homomorphism ν : (K∗,×)→ (Z,+)
satisfying ν(a + b) ≥ min(ν(a), ν(b)) when a + b 6= 0 and whose kernel contains
k∗. A valuation ν is geometric if there exists a variety X in the birational class of
X0 such that ν = νD with D a prime divisor of X (here νD(f) denotes the order
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of vanishing of f ∈ K∗ along D). Moreover, a valuation ν of K is G-invariant if
ν(g · f) = ν(f) for all g ∈ G and all f ∈ K. We denote
VG = VG(X0) = {G-invariant geometric valuations of K}.
• The set of colors of X0 is
DB = DB(X0) = {B-stable prime divisors of X0 that are not G-stable}.
The pair (VG,DB) is called colored equipment of X0.
Remark 2.2. By [Tim11, Proposition 19.8] any valuation ν ∈ VG is equal to νD,
where D is a G-stable prime divisor of a G-variety in the G-birational class of X0.
Similarly, there is a one-to-one correspondence between the B-stable prime divisors
of X0 and the B-invariant geometric valuations of K.
Let ψ : X0 99K X1 be a G-equivariant birational map. It induces a field iso-
morphism ψ∗ : k(X1) ≃ k(X0) and bijections VG(X0) ≃ VG(X1) and DB(X0) ≃
DB(X1). This is clear for VG through the identification k(X1) ≃ k(X0). For DB
this follows from the fact that the complements of the G-stable dense open sub-
sets of X0 and X1 over which ψ is an isomorphism is a union of G-stable closed
subvarieties, and therefore they contain no colors.
Definition 2.3. Let X be a G-variety in the G-birational class of X0, and let
ψ : X0 99K X be a G-equivariant birational map.
(1) The pair (X,ψ) is called a G-model of X0.
(2) The colored data of a G-orbit Y ⊆ X (with respect to ψ) is the pair
• VGY = {νD ∈ VG(X) | Y ⊆ D, where D is a G-stable prime divisor of X}
⊆ VG(X) ≃ VG; and
• DBY = {D ∈ DB(X) | Y ⊆ D} ⊆ DB(X) ≃ DB.
Definition 2.4. Let X1 and X2 be G-varieties in the G-birational class of X0.
For i = 1, 2, let ψi : X0 99K Xi be a G-equivariant birational map. We say that
the G-models (X1, ψ1) and (X2, ψ2) are equivalent if there exists a G-isomorphism
ϕ : X1 → X2 such that ψ2 = ϕ ◦ ψ1.
Let us note that if the G-models (X1, ψ1) and (X2, ψ2) are equivalent, then the
colored data of the G-orbits of X1 (with respect to ψ1) coincides with the colored
data of the G-orbits of X2 (with respect to ψ2).
Remark 2.5. In the case where a G-variety X has a dense open G-orbit X0 = G/H ,
then a canonical representative of the G-birational class ofX is given byX0, and the
category ofG-models ofX0 identifies with the category ofG-equivariant embeddings
of X0. This is the original framework considered by Luna and Vust.
The next statement is the central pillar of the Luna-Vust theory.
Theorem 2.6. (see [Tim11, § 14]) The map
(X,ψ) 7→ F(X,ψ) = {(VGY ,DBY ), for every G-orbit Y ⊆ X}
induces a bijection between the equivalence classes of G-models of X0 and the collec-
tions of pairs (Wi,Ri)i∈I , where Wi ⊆ VG and Ri ⊆ DB, satisfying the conditions
listed in § A.2.
The collection of pairs F(X,ψ) is called colored data of the G-model (X,ψ).
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2.2. Galois actions on the colored equipment. Let k be a perfect field, let k
be an algebraic closure of k, and let Γ = Gal(k/k) be the absolute Galois group of
k. Let F be a reductive algebraic group over k, and let X0 be an F -variety over k.
We denote G = Fk = F ×Spec(k) Spec(k) and X0,k = X0 ×Spec(k) Spec(k). Let B
be a Borel subgroup of G.
In § 2.1, we introduced the colored equipment (VG,DB) of a G-variety over k. In
this subsection, we define Γ-actions on this colored equipment. These actions were
originally given by Hurguen in his thesis (see [Hur11, § 2.2]).
First, Γ acts on G = Fk and on X0,k through its natural action on k. We de-
note by ρ : Γ → Autk(G) the corresponding descent datum on G and by µ : Γ →
Autk(X0,k) the corresponding (G, ρ)-equivariant descent datum on X0,k (see Def-
initions 1.1 and 1.4). The Γ-action on X0,k induces a Γ-action on K = k(X0,k)
defined by
(G) ∀γ ∈ Γ, ∀f ∈ K, ∀x ∈ Def(f), (γ · f)(x) := γ (f(µγ−1(x))) ,
where Def(f) ⊆ X0,k is the maximal dense open subset over which f is defined.
Second, there is also a Γ-action on
VB = {B-invariant geometric valuations of K}
as we now explain. If γ ∈ Γ, then ργ(B) is a Borel subgroup of G, therefore there
exists eγ ∈ G such that ργ(B) = eγBe−1γ . Moreover, eγ is unique up to right
multiplication by an element of B. The group Γ acts on VB as follows
∀γ ∈ Γ, ∀ν ∈ VB, ∀f ∈ K, (γ · ν)(f) := ν(γ−1 · (eγ · f)).
By [Hur11, Proposition 2.15], this Γ-action is well-defined and does not depend on
the particular choice of the (eγ)γ∈Γ.
Given γ ∈ Γ and D ∈ DB , let γ ·D be the unique B-stable prime divisor of X0,k
such that νγ·D = γ ·νD; this defines a Γ-action onDB such thatD ∈ DB 7→ νD ∈ VB
is Γ-equivariant. Moreover, VG ⊆ VB is Γ-stable and, using (A), the restriction of
the Γ-action to VG can be rewritten as follows
∀γ ∈ Γ, ∀ν ∈ VG, ∀f ∈ K, (γ · ν)(f) := ν(γ−1 · f).
2.3. Forms of models and proof of Theorem C. We keep the same notation as
in § 2.2. Our goal in this subsection is to prove Theorem C which is a generalization
of Theorem 2.6 over perfect fields.
To extend the Luna-Vust theory over non algebraically closed fields we first need
to introduce the notion of forms of G-models of X0,k (which is distinct from the
notion of forms for G-varieties introduced in § 1.2).
Definition 2.7. A (k, F,X0)-form of a G-model (Z,ψ) of X0,k is an F -model
(X, δ) of X0 such that (Xk, δk) is equivalent to (Z,ψ), where δk : X0,k 99K Xk is
the G-equivariant birational map obtained from δ by extending the scalars.
Let us note that if two F -models (X1, δ1) and (X2, δ2) of X0 are equivalent, then
the two G-models (X1,k, δ1,k) and (X2,k, δ2,k) of X0,k are also equivalent. We will
see in Lemma 2.8 that the converse holds as well.
Recall that we denote by µ : Γ→ Autk(X0,k) the descent datum on X0,k defined
by µγ = Id × (γ∗)−1 for each γ ∈ Γ. Then Γ acts k-birationally on any G-model
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(Z,ψ) of X0,k through the homomorphism
Θ(Z,ψ) : Γ→ Birk(Z), γ 7→ ψ ◦ µγ ◦ ψ−1.
Lemma 2.8. Let (Z,ψ) be a G-model of X0,k. If (Z,ψ) admits a (k, F,X0)-form,
then it is unique up to equivalence.
Proof. Let (X1, δ1) and (X2, δ2) be two (k, F,X0)-forms of (Z,ψ). There exists a
unique G-isomorphism ϕ : X1,k → X2,k such that δ2,k = ϕ ◦ (δ1,k). Moreover,
∀γ ∈ Γ, γ · ϕ = (δ2,k ◦ µγ ◦ δ−12,k) ◦ ϕ ◦ (δ1,k ◦ µγ−1 ◦ δ
−1
1,k
) = ϕ.
In other words, ϕ is defined over k, and so by [Wed18, Proposition 8.1] it is induced
by aG-isomorphism φ : X1 → X2 satisfying δ2 = φ◦δ1, which proves the lemma. 
Proposition 2.9. A G-model (Z,ψ) of X0,k admits a (k, F,X0)-form if and only
if it satisfies the two following conditions:
(1) the image of Θ(Z,ψ) is contained in Autk(Z); and
(2) the variety Z is covered by Γ-stable affine open subsets.
Proof. The first condition means that the map Θ(Z,ψ) : Γ → Autk(Z) is an equi-
variant descent datum on Z (see Definition 1.4), and the second condition that this
descent datum is effective, i.e. that the quotient Z/Γ is a variety (and not just and
algebraic space).
Therefore, if conditions (1) and (2) are satisfied, then the quotient space X :=
[Z/Γ] is a G-variety such that Xk ≃ Z as G-varieties. Fix such a G-isomorphism
ϕ : Xk
∼−→ Z. Then the G-equivariant birational map ψ′ = ϕ−1 ◦ψ : X0,k 99K Xk is
defined over k (i.e. γ ·ψ′ = ψ′ for all γ ∈ Γ), and so by [Wed18, Proposition 8.1] there
exists a G-equivariant birational map δ : X0 99K X such that ϕ ◦ δk = ϕ ◦ ψ′ = ψ.
Hence, (X, δ) is a k-form of (Z,ψ).
Conversely, assume that (Z,ψ) admits a k-form, say (X, δ). Then there ex-
ists a G-isomorphism ϕ : Xk
∼−→ Z such that ψ = ϕ ◦ δk. The group Γ acts on
Xk = X ×Spec(k) Spec(k) through its action on k, therefore it corresponds to a
homomorphism Θ(Xk,δk) : Γ→ Autk(Xk), and
Θ(Z,ψ)(Γ) = ϕ ◦Θ(Xk,δk)(Γ) ◦ ϕ−1 ⊆ ϕ ◦Autk(Xk) ◦ ϕ−1 = Autk(Z),
which is condition (1). Moreover, [Z/Γ] ≃ [Xk/Γ] ≃ X , which implies condition (2)
by [SGA03, Proposition V.1.8]. 
Remark 2.10. The condition (2) of Proposition 2.9 can be replaced by the following
condition:
(2′) the variety Z is covered by Γ-stable quasiprojective open G-subvarieties.
Indeed, if (2′) is satisfied, then, as was already mentioned in § 1.2, the condition
(2) is satisfied using the Chevalley-Kleiman quasiprojectivity criterion. Conversely,
if (2) holds, then (2′) is a consequence of [Ben13, Corollary 3].
Let (Z,ψ) be a G-model of X0,k. A B-chart of Z is a B-stable affine dense open
subset of Z. It follows from a local structure theorem (see [Tim11, Theorem 4.7])
that the variety Z is covered by G-translates of finitely many B-charts (but this
cover is not unique in general). Let us mention that this key-fact, which general-
izes Sumihiro’s theorem for torus actions, was the starting point of the Luna-Vust
theory.
18 LUCY MOSER-JAUSLIN AND RONAN TERPEREAU
We denote
VGZ =
⋃
G-orbits Y ⊆ Z
VGY and DBZ =
⋃
G-orbits Y ⊆ Z
DBY ,
where (VGY ,DBY ) is the colored data of the G-orbit Y ⊆ Z. Also, for a set S, we
denote by P(S) the powerset of S.
The next result gives a combinatorial description of the B-charts of Z.
Proposition 2.11. ([Tim11, Corollary 13.9]) The map
{B-charts of Z} → P(VGZ )×P(DBZ ), Z˚ 7→
⋃
G-orbits Y ⊆ Z,
Y ∩Z˚ 6=∅
(VGY ,DBY )
is a bijection between the B-charts of Z and the pairs (W ,R) ∈ P(VGZ ) ×P(DBZ )
satisfying conditions (C), (F ), and (W ) given in § A.1.
The converse map sends the pair (W ,R) to Spec(A[W ,R]), where
(H) A[W ,R] =
( ⋂
w∈W
Ow
)
∩
( ⋂
D∈R
OνD
)
∩
 ⋂
D∈D\DB
OνD
 ⊆ k(Z)
and D is the set of prime divisors on Z that are not G-stable.
Theorem 2.12. Let (Z,ψ) be a G-model of X0,k. The condition (1) in Proposi-
tion 2.9 holds if and only if the colored data F(Z,ψ) are preserved by the Γ-action
on VG and DB introduced in § 2.2, i.e.
∀γ ∈ Γ, ∀(VGY ,DBY ) ∈ F(Z,ψ), γ · (VGY ,DBY ) ∈ F(Z,ψ).
Proof. Let us assume that the image of Θ(Z,ψ) is contained in Autk(Z). Rela-
tion (A) implies that if γ ∈ Γ and Y is a G-orbit of Z, then Y ′ := γ · Y is also a
G-orbit. Moreover, the Γ-actions defined in § 2.2 verify γ · (VGY ,DBY ) = (VGY ′ ,DBY ′),
and so the colored data F(Z,ψ) are preserved by the Γ-action on the colored equip-
ment (VG,DB) of X0,k.
Conversely, we now assume that the colored data F(Z,ψ) are globally preserved
by the Γ-action on (VG,DB). Fix γ ∈ Γ. Let Y be a G-orbit of Z, and let Z˚ be a B-
chart of Z such that Z˚∩Y 6= ∅. According to Proposition 2.11 there exists a unique
pair (W ,R) such that Spec(A[W ,R]) = Z˚. Then the pair (W ′,R′) := γ−1 · (W ,R)
also verifies the conditions (C), (F ), and (W ) (recalled in § A.1). Moreover, the
Γ-stability of F(Z,ψ) means that Z˚ ′ = Spec(A[W ′,R′]) is a B-chart of Z (and not
just a B-chart of some G-variety in the G-birational class of Z).
The element γ ∈ Γ acts on k(Z) and, using (H), we see that it maps A[W ′,R′]
to A[W ,R]. Hence, it corresponds to a regular morphism Z˚ → Z˚ ′. In other words,
the open locus Uγ ⊆ Z over which γ := Θ(Z,ψ)(γ) = ψ ◦µγ ◦ψ−1 is defined contains
Z˚. It follows from the relation (G) that Uγ is G-stable, so it also contains G · Z˚.
In particular, Uγ contains the G-orbit Y . But Y is an arbitrary G-orbit of Z,
which means that Uγ = Z, i.e. γ is an element of Autk(Z). Hence condition (1) in
Proposition 2.9 holds. 
We can now prove Theorem C which generalizes Theorem 2.6 to the case where
the base field is perfect but not necessarily algebraically closed.
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Proof of Theorem C: By Theorem 2.6, the map (Z,ψ) 7→ F(Z,ψ) induces a bijection
between equivalence classes of G-models (Z,ψ) of X0,k and the collections of pairs
(Wi,Ri)i∈I , where Wi ⊆ VG and Ri ⊆ DB are subsets satisfying the condition (1)
of Theorem C.
By Lemma 2.8, if (Z,ψ) admits a (k,G,X0)-form then it is unique up to equiv-
alence. Moreover, by Proposition 2.9, it admits a (k,G,X0)-form if and only if
• the image of the map Θ(Z,ψ) is contained in Autk(Z), which is equivalent to the
condition (2) of Theorem C by Theorem 2.12; and
• the variety Z is covered by Γ-stable affine open subsets, which is the condition (3)
of Theorem C.
Therefore, the equivalence classes of F -models of X0 are in one-to-one corre-
spondence with the collections of pairs (Wi,Ri)i∈I satisfying the three conditions
(1)-(2)-(3) of Theorem C, and this correspondence is indeed given by the map
(X, δ) 7→ F(Xk, δk). This concludes the proof. 
2.4. The case of complexity ≤ 1. We keep the same notation as in § 2.2.
Definition 2.13. The complexity of an F -varietyX is the codimension of a general
B-orbit of Xk. A complexity-zero variety (i.e. an F -variety X such that B acts on
Xk with a dense open orbit) is usually called a spherical variety.
Let X0 be an F -variety of complexity ≤ 1. Then the description of F -models of
X0 via the Luna-Vust theory is effective in the sense that the colored equipment of
X0 (see Definition 2.1) can be expressed in terms of implementable combinatorial
structures that allow us study these varieties similarly as is done for toric varieties.
We now briefly recall what this combinatorial description looks like when the base
field is algebraically closed and how our Theorem C specializes in this situation.
• Torus embeddings: Let T be a torus over k, and let Z0 ≃ T . Recall that a
fan in the Q-vector space NQ = N ⊗Z Q, with N = Homgr(Gm, T ), is a finite
collection E of strictly convex cones in NQ satisfying
(i) every face of a cone in E is a cone in E ; and
(ii) the intersection of two cones in E is a face of each.
It is classical (see e.g. [Ful93]) that equivalence classes of T -models of Z0, also
known as torus embeddings or toric varieties, are in bijection with the fans in NQ.
In this situation VT ≃ N , DB = ∅, and the cones of a fan of a torus embedding
(Z, ι) of Z0 correspond to the colored data of Z.
Forms of torus embeddings (in the sense of Definition 1.4) were studied by
Huruguen in [Hur11] for arbitrary torus embeddings, by Elizondo–Lima-Filho–
Sottile–Teitler in [ELFST14] for projective spaces and toric surfaces, and by Dun-
can in [Dun16] who considered other notions of forms of torus embeddings.
In this setting, Theorem C corresponds to [Hur11, Theorem 1.22].
• Complexity-one T -varieties: Let again T be a torus over k, let C be a curve
over k, and let Z0 = T × C on which T acts by left-multiplication on T and
trivially on C. It follows from the work of Altmann-Hausen [AH06] (affine case)
and Altmann-Hausen-Su¨ß[AHS08] (general case) that equivalence classes of T -
models of Z0 are in bijection with the divisorial fans on (C,NQ) with NQ =
Homgr(Gm, T )⊗ZQ; roughly speaking these are 1-dimensional families of pseudo-
fans in NQ parametrized by C and constant over a dense open subset (see [AHS08,
§ 5] for a precise definition).
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Forms of affine complexity-one T -varieties were studied by Langlois in [Lan15].
In this setting, Theorem C corresponds to [Lan15, Theorem 5.10].
• Spherical embeddings: Let G be a reductive algebraic group over k, let B ⊆ G
be a Borel subgroup, and let Z0 ≃ G/H be a G-homogeneous space with a dense
open B-orbit. The notion of fan defined for torus embeddings generalizes to the
notion of colored fan, which is a finite collection E = {(Ci,Fi), i ∈ I} of colored
cones satisfying some properties (see [Kno91, § 3] for details).
It follows from the work of Luna-Vust [LV83] and Knop [Kno91] that equiva-
lence classes of G-models of Z0, also known as spherical embeddings or spherical
varieties, are in bijection with the colored fans in some Q-vector space NQ (de-
pending on Z0). In this situation the colored cones of a colored fan of a spherical
embedding (Z, ι) of Z0 correspond to the colored data of Z.
Forms of spherical embeddings were studied by Huruguen in [Hur11] over per-
fect fields (see also [BG, § 10]), and by Wedhorn (who works in the category of
algebraic spaces instead of schemes) in [Wed18] over arbitrary fields.
In this setting, Theorem C corresponds to [Hur11, Theorem 2.26].
• Complexity-one G-varieties: Let again G be a reductive algebraic group over
k, and let Z0 be a complexity-one G-variety. Timashev introduced in [Tim97]
(see also [Tim11, § 16]) the notions of colored hypercones and colored hyperfans
to represent colored data of models of complexity-one varieties in a way similar to
the spherical case. He proves that there is a bijection between equivalence classes
of G-models of Z0 and colored hyperfans in some colored hyperspace (depending
on Z0). See also [LT16] for an alternative combinatorial description of the G-
models of Z0 in terms of colored divisorial fans in the case where Z0 ≃ G/H ×C
with C a curve and G/H a horospherical homogeneous space (which means that
H contains a maximal unipotent subgroup of G).
As far as we know, forms of complexity-one G-varieties have never been sys-
tematically studied, except for torus actions (i.e. for complexity-one T -varieties).
2.5. Strategy to determine the forms of almost homogeneous varieties.
We keep the same notation as in § 2.2. Let Z be a given almost homogeneous G-
variety with dense open orbit Z0. We are interested in classifying the (k, F )-forms
of Z. Recall that these correspond to effective (G, ρ)-equivariant descent data on
Z (see § 1.2). Let us note that if µ : Γ→ Autk(Z) is an equivariant descent datum
on Z, then it induces an equivariant descent datum on Z0 by restriction. This
suggests to start by studying the equivariant descent data on Z0 (which correspond
to (k, F )-forms of Z0), and then to determine which one extend to Z.
(Also note that, in what follows, we will implicitly fix a k-point in the dense
open orbit Z0 ≃ G/H of Z, but this choice plays a role only in the calculations,
not in the classification result of the isomorphism classes of (k, F )-forms of Z.)
The strategy to determine the isomorphism classes of (k, F )-forms of Z is there-
fore the following:
(1) Determine whether the dense open orbit Z0 ≃ G/H admits a (k, F )-form with
Proposition A and Theorem B.
(2) If Z0 has a (k, F )-form, then use Proposition 1.5 to parametrize the isomor-
phism classes of (k, F )-forms of Z0.
(3) Pick a (k, F )-form X0 of Z0 in each isomorphism class of (k, F )-forms of Z0
and apply Luna-Vust theory (Theorem C) to determine if the corresponding
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equivariant descent datum extends to an effective equivariant descent datum
on Z, i.e. if the G-model (Z,ψ) of X0,k admits a (k, F,X0)-form (X, δ), see Def-
inition 2.7, where ψ : X0,k 99K Z is the G-equivariant birational map obtained
by composing the G-isomorphism X0,k
∼−→ Z0 with the inclusion Z0 →֒ Z.
(4) Determine whether the natural homomorphism AutG
k
(Z) →֒ AutG
k
(Z0) is an
isomorphism, in which case our strategy provides one representative for each
isomorphism class of (k, F )-forms of Z. Otherwise one is left to determine
which (k, F )-forms in each isomorphism class of (k, F )-forms of Z0 correspond
to equivariant descent data that extend to effective equivariant descent data
on Z, and which one are equivalent after extension.
This strategy, which was applied in [MJT, § 3.6] to determine the real forms
of the complex horospherical varieties with Picard rank 1, will be applied in the
next section to determine the real forms of complex almost homogeneous SL2(C)-
threefolds.
3. Real forms of complex almost homogeneous SL2-threefolds
In this section, we will study the real forms of the complex SL2(C)-threefolds
with a dense open orbit. Since the Galois group of C/R is a group of order two, the
notation introduced in §§ 1.1-1.2 regarding the descent data for algebraic groups and
algebraic varieties endowed with algebraic group action can be greatly simplified;
this will be explained in § 3.1. In § 3.2 we will classify all the equivariant real
structures on homogeneous spaces SL2(C)/H with H a finite subgroup. Then in
§ 3.3 we will explain how Theorem C specializes in this setting and illustrate it with
some examples. Finally, in § 3.4 we will apply the strategy given in § 2.5 to classify
the equivariant real structures on minimal smooth completions of SL2(C)/H when
H is non-cyclic.
3.1. Real forms, real structures, and real loci. In the case of k = R and
k = C, the Galois group is Γ = {1, γ} ≃ Z/2Z. Given a complex algebraic group
G, a descent datum ρ : Γ → AutR(G) satisfies : ρ1 = IdG and ργ is an antiregular
group involution of G. In other words, defining a descent datum on G is equivalent
to defining an antiregular group involution σ on G; we therefore call σ a real group
structure on G. Two real group structures σ1 and σ2 on G are equivalent if there
exists a group automorphism ψ ∈ AutC(G) such that σ2 = ψ ◦ σ1 ◦ ψ−1.
Note that there is a one-to-one correspondence between (equivalence classes of)
real group structures on G and (isomorphism classes of) real forms of G, as an
algebraic group, given by (G, σ) 7→ G/ 〈σ〉.
The real locus of a real group structure σ on G is the set of fixed points G(C)σ;
it identifies with the group of R-points of the corresponding real form G/ 〈σ〉.
We now introduce the notion of equivariant real structure for a complex G-
variety. Given a complex algebraic group G endowed with a real group structure
σ, and a complex G-variety X , we say that µ is a (G, σ)-equivariant real structure
on X if µ is an antiregular involution of X such that
∀g ∈ G, ∀x ∈ X, µ(g · x) = σ(g) · µ(x).
As for real group structures on complex algebraic groups, an equivariant real struc-
ture µ on X corresponds to an equivariant descent datum µ˜ on X given by µ˜1 = Id
and µ˜γ(x) = µ(x), for all x ∈ X . Two (G, σ)-equivariant real structures µ1 and
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µ2 on X are equivalent if there exists a G-equivariant automorphism ϕ ∈ AutGC (X)
such that µ2 = ϕ ◦ µ1 ◦ ϕ−1.
Given a (G, σ)-equivariant real structure µ on a G-variety X such that X is
covered by 〈µ〉-stable affine open subsets, the quotientX/ 〈µ〉 defines a real algebraic
variety endowed with an algebraic action of the real algebraic group F = G/ 〈σ〉;
it is the (R, F )-form of X determined by µ. Any real form of the G-variety X is
obtained from a unique equivariant real structure on X . But for a given equivariant
real structure µ on X , the quotient X/ 〈µ〉 may not be an algebraic variety (only
an algebraic space) in which case there is no real form associated with µ. Also,
two real forms X/ 〈µ1〉 and X/ 〈µ2〉 are isomorphic if and only if µ1 and µ2 are
equivalent.
The real locus of a (G, σ)-equivariant real structure µ on X is the (possibly
empty) set of fixed points X(C)µ; it identifies with the set of R-points of the
corresponding real form X/ 〈µ〉. Moreover, it is endowed with an action of G(C)σ.
For the rest of this article we consider only the case G = SL2(C) and, to simplify
the notation, we use the terminology of real structures instead of descent data.
Let σs be the real group structure defined by σs(g) = the complex conjugate of g.
Its real locus is SL2(R). This structure is split, in the sense that the corresponding
real form G/ 〈σs〉 is split. Let σc be the real group structure defined by σc(g) =
tσs(g)
−1. It is called compact because its real locus is the compact real Lie group
SU2(C). Any real group structure on G is strongly equivalent to either σs or σc
(see e.g. [Kna02, § VI.10]). Also, note that σc = inne ◦ σs (i.e. σc(g) = eσs(g)e−1
for all g ∈ G), where e =
[
0 1
−1 0
]
. In particular, σc is an inner twist of σs (see
Definition 1.2).
In the next subsections, we will study the equivariant real structures on almost
homogeneous G-threefolds. For each such variety, we will often consider separately
the (G, σs)-equivariant real structures and the (G, σc)-equivariant real structures
on it.
3.2. Real forms in the homogeneous case. We start with the homogeneous
case. The main goal of this subsection is to prove Theorem D.
A homogeneous G-threefold is G-isomorphic to G/H , where H is a finite sub-
group of G = SL2(C). Thus the first step to study the equivariant real structures
on homogeneous G-threefolds is to recall the set of conjugacy classes of all finite
subgroups of G.
Proposition 3.1. (Finite subgroups of SL2(C); see [Kle93]). If H is a finite
subgroup of SL2(C), then it is conjugate to one of the following subgroups:
• (An, n ≥ 1) The cyclic group, of cardinal n, generated by ωn =
[
ζn 0
0 ζ−1n
]
, where
ζn is a primitive n-th root of unity.
• (Dn, n ≥ 4) The binary dihedral group, of cardinal 4n− 8, generated by A2n−4
and
[
0 i
i 0
]
.
• (E6) The binary tetrahedral group, of cardinal 24, generated by D4 and α =
1
2
[
1− i 1− i
−1− i 1 + i
]
.
• (E7) The binary octahedral group, of cardinal 48, generated by E6 and A8.
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• (E8) The binary icosahedral group, of cardinal 120, generated by A10,
[
0 1
−1 0
]
,
and β = 1
ζ25−ζ35
[
ζ5 + ζ
−1
5 1
1 −ζ5 − ζ−15
]
.
We now prove the existence of an equivariant real structure on each G/H . Until
the end of § 3.2, for a fixed subgroup H of G, the notation g ∈ G/H will indicate
the class of g modulo H (not to be confused with the complex conjugation).
Lemma 3.2. Let H be a finite subgroup of G = SL2(C), and let σ be a real group
structure on G. Then G/H admits a (G, σ)-equivariant real structure. Moreover,
for σ ∈ {σs, σc} and H one of the subgroup of G listed in Proposition 3.1, a (G, σ)-
equivariant real structure on G/H is given by
G/H → G/H, g 7→ σ(g).
Proof. If H ′ is conjugate to H , then G/H ′ admits a (G, σ)-equivariant real struc-
ture if and only if G/H admits a (G, σ)-equivariant real structure (Remark 0.1).
Therefore we can assume that H is one of the group listed in Proposition 3.1. Also,
since σ is strongly equivalent (i.e. conjugate by an inner automorphism) to σs or
σc, we can assume that σ ∈ {σs, σc} by the second part of Proposition A.
We now verify in each case that σ(H) = H , which will imply that the map
g 7→ σ(g) is a (G, σ)-equivariant real structure on G/H (this can be deduced from
Proposition A or even directly from the definition of an equivariant real structure).
The cases of An and Dn are straightforward. For E6 we verify that σs(α) =[
i 0
0 −i
]
α and that σc(α) = α. This also implies the result for E7. Finally for E8
we verify that σs(β) = −β and that σc(β) = −β−1, which concludes the proof. 
Now that we know the existence of a (G, σ)-equivariant real structure on each
G/H , the next step is to use Propositions 1.5 and 1.6 to determine the equivalence
classes of all the (G, σ)-equivariant real structures on G/H . Since the set of such
equivalence classes is in bijection with the first pointed set of Galois cohomology
H1(Γ, NG(H)/H), we need first to determine the group NG(H)/H in each case.
Lemma 3.3. Let G = SL2(C), and let H ⊆ G be one of the finite subgroups listed
in Proposition 3.1. Then NG(H) and NG(H)/H are described below.
• If n ∈ {1, 2}, then NG(An) = G. Also, G/A1 = G and G/A2 = PGL2(C).
• If n ≥ 3, then NG(An) ≃ D∞ =
{[∗ 0
0 ∗
]}
∪
{[
0 ∗
∗ 0
]}
and D∞/An ≃ D∞.
• NG(D4) = E7 and E7/D4 ≃ S3 =
〈
1
2
[
1− i 1− i
−1− i 1 + i
]
,
[
ζ8 0
0 ζ−18
]〉
.
• If n ≥ 5, then NG(Dn) = D2n−2 and D2n−2/Dn ≃ Z/2Z =
〈[
ζ4n−8 0
0 ζ−14n−8
]〉
.
• NG(E6) = E7 and E7/E6 ≃ Z/2Z =
〈[
ζ8 0
0 ζ−18
]〉
.
• NG(E7) = E7.
• NG(E8) = E8.
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Proof. Proposition 3.1 gives a list of generators for each finite subgroup H ∈
{An, Dn, En} of G. Writing g =
[
a b
c d
]
∈ G, the condition ghg−1 ∈ H , for each
generator h of H , imposes conditions on the coefficients of g. In the case where
H ∈ {An, Dn}, this is sufficient to determine NG(H) with very few calculations
due to the simple form of the generators. (We omit details here.)
Let us now consider the case where H = En with n ∈ {7, 8, 9}. Assume that
NG(H) is infinite, then NG(H) is conjugate to a subgroup of D∞ or of a Borel
subgroup B of G (see e.g. [vdPS03, Theorem 4.29]).
• If NG(H) is conjugate to a subgroup of D∞, then either H is conjugate to a
subgroup of D0∞ ≃ Gm, which cannot be as H is not abelian, or there is a
surjective homomorphism H → Z/2Z, induced by the exact sequence
0→ Gm → D∞ → Z/2Z→ 0,
and so H should contain an abelian normal subgroup of index 2, which is not the
case.
• If NG(H) is conjugate to a subgroup of B, then the generators of H should have
a common eigenvector which is not the case.
Therefore NG(H) is not conjugate to a subgroup of D∞ or B. Hence, NG(H)
is a finite subgroup of G. But E6 is a normal subgroup of E7, and it is not a
normal subgroup of any other finite subgroup of G, thus NG(E6) = E7. Also, E7
and E8 are not contained in any larger finite subgroup of G, and so they must be
self-normalized. 
For each finite subgroup H ⊆ G, we want to determine the first Galois cohomo-
logy pointed set H1(Γ, NG(H)/H). Any 1-cocycle c : Γ→ NG(H)/H is determined
by cγ ∈ NG(H)/H since c1 = 1. We will denote by [cγ ] ∈ H1(Γ, NG(H)/H) the
cohomology class of the 1-cocycle determined by cγ . Actually, since Γ ≃ Z/2Z, the
definition of this set simplifies a bit. Indeed, if Γ ≃ Z/2Z and A is a Γ-group, then
H1(Γ, A) = Z1(Γ, A)/ ∼, where Z1(Γ, A) = {a ∈ A | a−1 = γ · a}
and a1, a2 ∈ Z1(Γ, A) satisfy a1 ∼ a2 if a2 = b−1a1(γ · b) for some b ∈ A.
Before stating the next theorem, which is the main result of this subsection, we
need some notation. Recall that e =
[
0 1
−1 0
]
, let f =
[
0 i
i 0
]
, let d = 1√
2
[
1 i
i 1
]
,
and for n ∈ N, let ωn =
[
ζn 0
0 ζ−1n
]
which are all elements of G. Note that,
d−1 = σs(d), d2 = f , and ω4e = −eω4 = f .
Proposition 3.4. Let H be one of the finite subgroups of G = SL2(C) listed in
Proposition 3.1, let σ ∈ {σs, σc}, and let Γ = {1, γ} ≃ Z/2Z acting on NG(H)/H
as follows:
∀g = gH ∈ NG(H)/H, γ · g := σ(g).
Then an exhaustive list of class representatives of the finite set H1(Γ, NG(H)/H)
is given in the table below.
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Subgroup H ⊆ G H1(Γ, NG(H)/H) H1(Γ, NG(H)/H)
for σ = σs for σ = σc
A1 [I2] [I2], [−I2]
A2 [I2], [e] [I2], [e]
An, n ≥ 3, n odd [I2], [f ], [fω2n] [I2], [−I2]
An, n ≥ 4, n even [I2], [e], [eω2n] [I2], [e], [ω2n]
Dn, n ≥ 4 [I2], [ω4n−8] [I2], [ω4n−8]
E6 [I2], [ω8] [I2], [ω8]
E7 [I2] [I2]
E8 [I2] [I2]
Proof. As a preliminary remark, let us note that the finiteness of H1(Γ, NG(H)/H)
is given by Corollary 1.7.
First of all, when NG(H)/H is trivial, then H
1(Γ, NG(H)/H)) is reduced to one
element, the class of the identity matrix, for either of the choices of σ. This finishes
the cases of E7 and E8.
Secondly, in the cases where Z(G) = {±I2} ⊆ H (i.e. the cases An, with n even,
Dn and E6), the first cohomology set for σs and for σc have the same number of
elements (Theorem B (2)). In fact, the map sending [g] to [eg] induces a bijection
between the two cohomology sets. This is easily checked by direct computation.
(One uses the facts that e ∈ NG(H) for each H , e2 = −I2, and that σ(e) = e.)
In particular, when e ∈ H (i.e. in the cases Dn, with n even, and E6), the two
cohomology sets coincide. Let us note that there is one case where e 6∈ H , but −I2
is in H , and the two sets are different (it is the case An, n ≥ 4, n even).
Thus we are left to study all the finite subgroups for σs, and also the subgroups
An with n odd for σc.
We start by treating the cases where NG(H)/H is finite.
• Case H = D4. Let α =
1
2
[
1− i 1− i
−1− i 1 + i
]
and ω8 =
[
ζ8 0
0 ζ−18
]
. Then α3 =
ω28 = I2 and NG(D4)/D4 ≃ S3 = {I2, α, α2, ω8, ω8α, ω8α2}. We verify that
σ(α) = α and σ(ω8) = ω8, and so Γ acts trivially on S3. Thus Z
1(Γ,S3) =
{I2, ω8, ω8α, ω8α2}, and two elements of Z1(Γ,S3) are equivalent if and only if
they are conjugate in S3. This means that H
1(Γ,S3) has two elements which
are [I2] and [ω8].
• Case H = E6 or H = Dn with n ≥ 5. In both cases, the quotient group
NG(H)/H is isomorphic to Z/2Z = {I2, δ} with δ =
[
ζ 0
0 ζ−1
]
for some non-
trivial primitive root of unity ζ. We verify that σ(δ) = δ, and so Γ acts trivially
on Z/2Z. Thus, in both cases for σ, we have
H1(Γ, NG(H)/H) ≃ Z1(Γ, NG(H)/H) ≃ NG(H)/H = {I2, δ}.
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This yields
H1(Γ, NG(H)/H) =
{
{[I2], [ω8]} when H = E6; and
{[I2], [ω4n−8]} when H = Dn with n ≥ 5.
It remains to treat the cases where NG(H)/H is infinite, i.e. the case H = An.
We verify that for σ = σs and n ≥ 3, the set of 1-cocycles Z1(Γ, NG(An)/An) is
[
t 0
0 t−1
]
; |t| = 1
 ⊔

[
0 is
is−1 0
]
; s ∈ R∗
 ⊔

[
0 isζ2n
is−1ζ−12n 0
]
; s ∈ R∗
 .
To determine the cohomology set, we note that any element of

[
t 0
0 t−1
]
; |t| = 1

is equivalent to I2, any element of

[
0 is
is−1 0
]
; s ∈ R∗
 is equivalent to f and
any element of

[
0 isζ2n
is−1ζ−12n 0
]
; s ∈ R∗
 is equivalent to ω2nf = fω2n.
One verifies also that these three elements are pairwise inequivalent. Hence
H1(Γ, NG(An)/An) has three elements when σ = σs and n ≥ 3. Note that, when
n is even, the table indicates other representatives of the cohomology set. Here we
explain the choice in the table, from which the case of σ = σc can be easily deduced.
• Case H = An with n ≡ 0 [4]. In this case, e = f , since ω4 ∈ H . Thus,
for σ = σs, we have H
1(Γ, NG(An)/An) = {[I2], [e], [ew2n]}. Then the set
H1(Γ, NG(An)/An) for σ = σc is obtained by multiplication by e, and we get
the result for σ = σc.
• Case H = An with n ≡ 2 [4] and n ≥ 6. In this case e = fω2n and eω2n = f ,
and so the result is the same as in the case n ≡ 0 [4].
• Case H = An, with n is odd and n ≥ 3. We have already treated the case
where σ = σs. Now we consider the case where σ = σc. Since −I2 6∈ H , we
cannot deduce the result directly from that of σs. Here we find
Z1(Γ, NG(An)/An) =

[
t 0
0 t−1
]
; t ∈ R∗
 .
If t > 0, then
[
t 0
0 t−1
]
is equivalent to I2, and if t < 0, then it is equivalent
to −I2. Moreover, I2 and −I2 are inequivalent. Thus H1(Γ, NG(An)/An) =
{[I2], [−I2]}.
We are left with the final two cases, where H = A1 or A2. Direct calculations in
these cases are more difficult, since NG(H) = G. We will therefore use instead the
well-known result on the number of distinct real group structures on G.
• Case H = A2. In this case, for σ ∈ {σs, σc}, we have H1(Γ, NG(A2)/A2) =
H1(Γ, G/Z(G)) which parametrizes the strong equivalence classes of inner twists
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of σ by Lemma 1.3. But we already know that there are two such classes, namely
those of σs and σc, corresponding to [I2] and [e] since σc = inne ◦ σs.
• Case H = A1. We will use the previous result. Suppose the g ∈ Z1(Γ, G) ⊆ G.
Then the class modulo A2 = Z(G) will be a 1-cocycle in G/Z(G). Thus,
[g] = [I2] or [g] = [e] in H
1(Γ, G/Z(G)) by the previous case. But e and −e are
not contained in Z1(Γ, G), hence g must be equivalent to I2 or −I2 in H1(Γ, G).
If σ = σs, then I2 and −I2 are equivalent. Indeed, if b =
[
i 0
0 −i
]
, then
b−1σs(b) = −I2. Hence H1(Γ, G) = {[I2]}.
If σ = σc, then I2 and −I2 are inequivalent. This can be seen for instance
by checking the fixed locus of the corresponding involutions. We find that the
involution G→ G, g 7→ −σc(g), corresponding to the class [−I2], has no fixed
points. Hence H1(Γ, G) = {[I2], [−I2]}.

Remark 3.5. The case H = An with n odd provides examples where a homogeneous
space G/H admits a (k, F )-form and a (k, Fc)-form (with F = G/ 〈σs〉 and Fc =
G/ 〈σc〉) but for which the number of isomorphism classes of (k, F )-forms is not
equal to the number of isomorphism classes of (k, Fc)-forms, even though σc is an
inner twist of σs.
Proof of Theorem D: Since σ is strongly equivalent to either σs or σc, we can
assume that σ ∈ {σs, σc} by the second part of Proposition A. Moreover, by Propo-
sition 3.1, it suffices to consider the cases where H ∈ {An, Dn, En}. The list of
(G, σ)-equivariant real structures on X = G/H , which can be found in Appen-
dix C, follows then from Proposition 3.4 together with Proposition 1.5. (We recall
that for homogeneous spaces any descent datum is effective.) It remains to deter-
mine the corresponding real locus in each case.
• Let us start with the case σ = σc. First of all, notice that in all cases H ⊆
SU2(C), and the elements −I2, e and ωm, for all m ≥ 1, are also in SU2(C).
Let µ be one of the (G, σc)-equivariant real structures on X listed in the table of
Appendix C; it is of the form µ(g) = σc(g)t, where t ∈ {±I2, e, ωm}. Then g belongs
to the real locus of µ if and only if g−1σc(g) ∈ Ht−1. In particular, we must have
g−1σc(g) ∈ SU2(C).
But for any g ∈ G, the element g−1σc(g) is a matrix of the form
[
r1 z
z r2
]
,
where r1, r2 ∈ R+, and z denotes the conjugate of the complex number z (not to
be confused with the notation g = gH for an element g ∈ G). But the only such
element which is in SU2(C) is the identity matrix. Thus g
−1σc(g) ∈ SU2(C) if and
only if g−1σc(g) = I2. This implies that the real locus of µ is{
SU2(C)/H if t ∈ H ; and
∅ if t 6∈ H.
We can therefore complete the column of the table in Appendix C corresponding
to σ = σc.
• Let us now consider the case σ = σs. The cases H = A1 and H = A2 are
quite easy to deal with. Let us give details when H = An with n ≥ 3 and n odd.
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Write g =
[
a b
c d
]
. We have g = σs(g) if and only if, for some n-th root of unity
ξ = ei2pi
k
n (0 ≤ k ≤ n− 1), we have[
a b
c d
]
=
[
a b
c d
][
ξ 0
0 ξ−1
]
=
[
ξa ξ−1b
ξc ξ−1d
]
⇔
[
a b
c d
]
∈ SL2(R)
[
ξ0 0
0 ξ−10
]
,
where ξ0 = e
ipi k
n is a 2n-th root of unity. Therefore g = σs(g) if and only if
g ∈ SL2(R)I2 ⊔ SL2(R)ω2n.
We now consider the equality g = −σs(g)f i.e. −g−1σs(g)f ∈ An. A direct
computation yields that −g−1σs(g)f ∈ An if and only if g−1σs(g) = f . Denote
g′ = gd, where d is the matrix defined before Proposition 3.4. Then
gf = σs(g)⇔ g
′d−1f = σs(g
′)σs(d
−1)⇔ g′d = σs(g
′)d⇔ g′ = σs(g
′)⇔ g′ ∈ SL2(R).
Therefore g ∈ SL2(R)d−1, and so the real locus in G/H is SL2(R)d−1.
It remains to consider the equality g = −σs(g)fω2n. But a d direct computation
yields that the equation −g−1σs(g)fω2n ∈ An if and only if g−1σs(g) = −f . Then
gf = −σs(g)⇔ gd = −σs(gd)⇔ gd ∈ SL2(R)ω4 ⇔ g ∈ SL2(R)ω4d−1.
But ω4d
−2 = −ω4f = e ∈ SL2(R), hence SL2(R)ω4d−1 = SL2(R)d, and so the real
locus in G/H is SL2(R)d.
• To determine the real locus in the other cases when H ∈ {An, Dn}, the ap-
proach is similar using the special form of the elements of H (namely diagonal and
antidiagonal elements).
• In the case H = E6 and µ(g) = σs(g), we verify that g−1σs(g) ∈ E6 if and
only if g−1σs(g) ∈ D4. Hence, the corresponding real locus is the image of the real
locus obtained for H = D4 through the quotient map G/D4 → G/E6. But the
three components of the real locus of µ when H = D4 are permuted by the action
of E6/D4 ≃ Z/3Z, which gives the single component PSL2(R)I2 for the real locus
of µ when H = E6.
For the three last cases with σ = σs and H ∈ {E6, E7, E8}, the non-emptiness
of the real locus follows from the previous results together with the fact that E8
contains A10 and that E7, E6 contain both D4.

3.3. Real forms in the almost homogeneous case. Fix a finite subgroup H ⊆
G = SL2(C), and letB =
[
∗ 0
∗ ∗
]
which is a Borel subgroup ofG. The description of
the combinatorial data to classify the G-equivariant embeddings of G/H is detailed
in Appendix B. In this subsection we make explicit the Γ-actions introduced in
§ 2.2, on the colored equipment (VG(G/H),DB(G/H)) of G/H , and then prove
Theorem E.
Let σ ∈ {σs, σc}, and let µ be a (G, σ)-equivariant real structure on G/H . To
avoid a possible confusion with the complex conjugation, we will use the notation
µ(gH) = σ(g)tH , where t is the appropriate element of G, as indicated in the table
of Appendix C. Then the Galois group Γ = {1, γ} acts on C(G/H) as follows (here
α indicates the complex conjugate of α):
∀f ∈ C(G/H), ∀gH ∈ Def(f), (γ · f)(gH) = f(σ(g)tH).
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Recall that the set of colors DB(G/H) is identified with P1/H (see § B.1). The
Γ-action on DB(G/H) ≃ P1/H is given by{
[α : β] ·H 7→ [α : β] · tH if σ = σs; and
[α : β] ·H 7→ [−β : α] · tH if σ = σc.
Finally, the Γ-action on VG(G/H) is given by
∀j ∈ DB(G/H) ≃ P1/H, ∀ν(j, r) ∈ VG(G/H), γ · ν(j, r) = ν(γ · j, r).
In particular, it should be noted that the Γ-action preserves the type of the G-orbits.
The Γ-action can be visualized on the ”skeleton diagrams” introduced in Appen-
dix B (see Figure 6). Indeed, for any j ∈ DB(G/H), consider the set of valuations of
VG(G/H) of the form ν(j, r). Call this set the spoke of j in the diagram. Then the
Γ-action corresponds to a permutation of the spokes according to the Γ-action on
DB(G/H). In particular, two spokes exchanged by Γ must be of the same length.
Remark 3.6. Let us note that, contrary to the case of spherical homogeneous spaces
(see [Hur11, § 2]), the Γ-action on the colored equipment of G/H depends not only
on σ, but also on µ. In fact it is even possible, for a given σ, to have two equivalent
(G, σ)-equivariant real structures on G/H such that only one of them extends to a
given G-equivariant embedding of G/H .
Proof of Theorem E: According to Theorem C, the (G, σ)-equivariant real structure
µ on G/H extends to an effective (G, σ)-equivariant real structure µ˜ on X if and
only if the collection of colored data of the G-equivariant embedding G/H →֒ X is
Γ-stable, which is the condition (1) of the theorem, and X is covered by Γ-stable
affine open subsets.
Hence, it suffices to show that X is covered by Γ-stable affine open subsets if and
only if every G-orbit of X of type B0 or B− is stabilized by the Γ-action. For this we
will use the following result: an equivariant embedding of G/H is quasiprojective
if and only if it has at most one G-orbit of type B0 or B−; see [Bou00, § 6.7.1,
Proposition 13].
Suppose that X satisfies the condition (2). Then, according to § B.4, the va-
riety X is covered by Γ-stable quasiprojective open G-subvarieties, and thus the
Chevalley-Kleiman quasiprojectivity criterion implies that X is covered by Γ-stable
affine open subsets.
We now suppose that X has a G-orbit Y of type B0 or B− which is not Γ-
stable. Let ν ∈ VG(G/H) be the valuation such that VGY = {ν}. It follows from
§ B.4 that X contains a G-stable dense open subset X ′ formed by the union of
five G-orbits: the dense open orbit G/H , two orbits of type C with colored data
({ν},∅) and ({γ ·ν},∅), and the two orbits Y and γ ·Y . The open subset X ′ is not
quasiprojective as it contains two orbits of type B0 or B−. But any Γ-stable open
G-subvariety of X which contains Y must contain X ′. Thus the condition (2′) of
Remark 2.10 does not hold, and therefore X is not covered by Γ-stable affine open
subsets.

Example 3.7. Let X = P2×P1 = P(R0⊕R1)×P(R1), where Ri is the irreducible
representation of dimension i+ 1 for G = SL2(C). We consider the G-equivariant
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embedding of G given by
G→ P2 × P1,
[
a b
c d
]
7→ ([1 : a : c], [b : d]).
The orbit decomposition of X is ℓ1 ⊔ ℓ2 ⊔ S1 ⊔ S2 ⊔ X0, where the five orbits are
the following (see § B.3 for the types of the orbits and see Figure 1 for the diagram
associated with this G-equivariant embedding):
• ℓ1 = {([0 : u1 : u2], [u1 : u2])} ≃ P1 of type A2([0 : 1], [1 : 0], 1, 0).
• ℓ2 = {([1 : 0 : 0], [w1 : w2])} ≃ P1 of type B+([1 : 0], 0).
• S1 = {([0 : u1 : u2], [w1 : w2])}, with [u1 : u2] 6= [w1 : w2], of type C([0 : 1], 1).
This orbit is isomorphic to P1 × P1 \∆, where ∆ is the diagonal.
• S2 = {([1 : α : β], [u1 : u2])} with [α : β] = [w1 : w2], of type C([1 : 0], 0). This
orbit is isomorphic to A2 \ {0}.
• The dense open orbit X0 ≃ G, which is the complement of all the other orbits.
The Γ-action induced by ±σc on the colored equipment of G does not preserve
the collection of colored data of X , and thus the (G, σc)-equivariant real structures
±σc on G do not extend to X . (Actually, one can check that X admits no (G, σc)-
equivariant real structure.)
On the other hand, the Γ-action induced by σs fixes the colored data of each orbit
of X , and so the (G, σs)-equivariant real structure σs on G extends to X . Moreover,
since there is no orbit of type B0 or B−, this real structure on X is effective and
corresponds therefore to a real form of X . In fact, using [MJT, Proposition 1.18]
together with the fact that
Gm,C
∼
−→ AutGC (X) ⊆ AutC(X) ≃ PGL3(C)× PGL2(C), α 7→






α−2 0 0
0 α 0
0 0 α

 , I2




,
we verify that the extension of σs to X is the only (G, σs)-equivariant real structure
on X up to equivalence. Its real locus is P2R × P1R.
...
0
+
1
Figure 1. Diagram for Example 3.7.
Example 3.8. Let X be the G-equivariant embedding of G with the following five
G-orbits (see Figure 2 for the corresponding diagram):
• the dense open orbit X0 ≃ G;
• two orbits of type C, one associated with the valuation ν1 = ν([1 : 0], 12 ) and
the other with the valuation ν2 = ν([0 : 1],
1
2 ); and
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• two orbits of type B−, one with VGY = {ν1} and the other with VGY = {ν2}.
This variety is smooth (as follows from [MJ90, Theorem 3.1]) but not quasiprojec-
tive as it contains two orbits of type B−.
The collection of colored data of X is stable for the Γ-action induced by σs or
±σc. For µ = σs, each orbit of type B− is fixed, and so the (G, σs)-equivariant real
structure µ is effective and the corresponding quotient X/Γ is a real variety. On
the other hand, for µ = ±σc, the two orbits of type B− are permuted. Thus the
corresponding quotient X/Γ, which exists as a real algebraic space, is not a real
variety. Therefore X admits a real form if and only if µ = σs.
...
0
−
1
2
0
−
1
2
Figure 2. Diagram for Example 3.8.
Remark 3.9. In the same vein as Example 3.8, we refer to [LMJV89] for the
construction of examples of three-dimensional Moishezon manifolds which are not
schemes and on which G acts with a dense open orbit.
Example 3.10. Let X = P1 × P1 × P1 = P(R1) × P(R1) × P(R1). Then the
stabilizer of the point x = ([1 : 1], [1 : 0], [0 : 1]) is H = {±I2} = A2, and so
(X, x) is a G-equivariant embedding of G/H = PGL2(C). The orbit decomposition
of X is ℓ ⊔ S1 ⊔ S2 ⊔ S3 ⊔ X0, where X0 ≃ PGL2(C) is the dense open orbit, the
Si ≃ P1 × P1 \∆ are of type C([1 : 1], 1), C([1 : 0], 1), C([0 : 1], 1) respectively, and
ℓ ≃ P1 is of type A3([1 : 1], [1 : 0], [0 : 1], 1, 1, 1); see Figure 3 for the corresponding
diagram.
Let us note that
S3 ≃ AutGC (X) →֒ AutGC (X0) ≃ PGL2(C), (12) 7→
[
i 0
i −i
]
and (23) 7→
[
0 i
i 0
]
,
where the symmetric groupS3 acts on X by permuting the three factors. Then, us-
ing Proposition 1.5, a direct computation of H1(Γ,AutGC (X)) yields that X admits
exactly two inequivalent (G, σ)-equivariant real structures for each σ ∈ {σs, σc}.
Let us first consider the case σ = σs. The Γ-action induced by the equivariant
real structure µ1 : gH 7→ σs(g)eH does not preserve the collection of colored data
of X , and so µ1 does not extend to X . On the other hand, the Γ-action induced by
the equivariant real structure µ2 : gH 7→ σs(g)H stabilizes the colored data of each
orbit of X , and so it extends to an equivariant real structure µ˜2 on X . Moreover,
the equivariant real structure µ3 : gH 7→ σs(g)fH , which is equivalent to µ2, also
extends to an equivariant real structure µ˜3 on X , but µ˜2 and µ˜3 are inequivalent
as real structures on the G-variety X . Hence µ˜2 and µ˜3 are the two inequivalent
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equivariant real structures on X . Also, the real locus of µ˜2 is P
1
R×P1R×P1R and the
real locus of µ˜3 is P
1
R × S ≃ P1R × P1C, where S = {([u0 : u1], [u0 : u1])} ⊆ P1C × P1C.
The situation is very similar when σ = σc. Indeed, we verify that among the two
inequivalent equivariant real structures µ4 : gH 7→ σc(g)H and µ5 : gH 7→ σc(g)eH
on G/H , only µ5 extends to an equivariant real structure µ˜5 on X , that µ6 : gH 7→
σc(g)efH , which is equivalent to µ5, also extends to an equivariant real structure
µ˜6 on X , but that µ˜5 and µ˜6 are inequivalent. Hence µ˜5 and µ˜6 are the two
inequivalent equivariant real structures on X . Also, the corresponding real loci are
both empty. Indeed, the real locus of a complex smooth variety is either empty or
Zariski dense (see e.g. [Man20, Corollary 2.2.10]).
...
Figure 3. Diagram for Example 3.10.
Let X be a G-equivariant embedding of some G/H . Then any (G, σ)-equivariant
real structure onX restricts to a (G, σ)-equivariant real structure on the dense open
orbit G/H . This restriction map induces a map
Υ: {equivalence classes of (G, σ)-equivariant real structure on X}
→ {equivalence classes of (G, σ)-equivariant real structure on G/H}.
The previous examples show that the map Υ is generally neither injective nor
surjective. However, it is injective for instance when AutGC (X) ≃ AutGC (G/H).
3.4. Real forms of minimal smooth completions of G/H. In this subsection
we follow the strategy given in § 2.5 to determine the real forms of the minimal
smooth completions of G/H when H ⊆ G = SL2(C) is non-cyclic, i.e. conjugate to
Dn or En (Corollary F).
Here we call minimal smooth completion of G/H a G-equivariant embedding
G/H →֒ X such that X is a smooth complete variety and any G-equivariant bira-
tional morphism X → X ′ is an isomorphism.
The minimal smooth completions of G/H when H is a finite subgroup of G are
well-known. They were classified and studied by Mukai-Umemura in [MU83] (for
H conjugate to E7 or E8), by Umemura in [Ume88, § 4] (for H conjugate to Dn),
and by Nakano in [Nak89] (for all H , but under projectivity assumption) as an
application of Mori theory. Finally, the full classification (with the non-projective
cases for H conjugate to An) and the description of the corresponding colored data
was obtained by Moser-Jauslin and Bousquet in [MJ90, Bou00] as an application
of the Luna-Vust theory.
(We refer to [IP99] for a general survey on Fano varieties.)
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Proposition 3.11. (see [MU83, Nak89, Bou00])
Let H ⊆ SL2(C) be a finite subgroup.
• If H is conjugate to E6, then there are two non-isomorphic minimal smooth
completions of G/H. The underlying G-variety in both cases is the smooth
quadric Q3 ⊆ P4 = P(R4), and AutGC (Q3) = {Id}.
• If H is conjugate to E7, then there is one minimal smooth completion of G/H.
The underlying G-variety is the Fano threefold V5, and Aut
G
C (V5) = {Id}.
• If H is conjugate to E8, then there is one minimal smooth completion of G/H.
The underlying G-variety is the Fano threefold VMU22 , and Aut
G
C (V
MU
22 ) = {Id}.
Moreover, the diagrams associated with these four G-equivariant embeddings of
G/H are pictured in Figure 4.
...
− 5
6
− 1
2
− 1
2
− 2
3
−1
H = E6
...
− 5
6
− 1
2
− 1
2
− 2
3
−1
H = E6
...
− 11
12
− 5
6
− 2
3
− 3
4
−1
H = E7
...
− 29
30
− 14
15
− 5
6
− 9
10
−1
H = E8
Figure 4. Diagrams for the minimal smooth completions
of G/H when H = E6, E7, and E8.
Corollary 3.12. Let σ ∈ {σs, σc}. Then, for H ⊆ G = SL2(C) conjugate to E6,
E7 or E8, each minimal smooth completion of G/H admits exactly one (G, σ)-
equivariant real structure. Hence, given a real form F of G, there is exactly one
(R, F )-form for each of the three G-varieties Q3, V5 and V
MU
22 .
Proof. Let X be one of the three G-varieties Q3, V5, or V
MU
22 . First note that, if a
(G, σ)-equivariant real structure on X exists, then it is unique. Indeed, otherwise
µ1 ◦ µ2 would give a non-trivial element of AutGC (X) = {Id}. Also, we can assume
without loss of generality that H ∈ {E6, E7, E8}.
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The Γ-actions on the collection of colored data of a minimal smooth completion
of G/H permute spokes of the diagram (see Figure 4) that have the same length.
This implies that, when H = E7 or H = E8, each (G, σ)-equivariant real structure
on G/H extends uniquely to the minimal smooth completion. This leaves the case
of H = E6, where the Γ-action can either fix the two spokes of the same length
or exchange them. We will check for each Γ-action, associated with one of the
(G, σ)-equivariant real structure on G/H listed in Appendix C, which situation
holds.
We follow the notation of Appendix B and fix H = E6. We now determine
j ∈ DB(G/H) ≃ P1/H such that b(j) = −1/2. To do this, we find ĵ = [α : β] ∈ P1
such that the H-orbit of ĵ is of order 4. Let f1 = αw+βx, f2, f3, and f4 be the four
corresponding elements in C[G] (each of them defined up to a nonzero scalar). Let
ν = ν([α : β], 1) ∈ VG(G); its restriction to C[G]H , after normalization, satisfies the
condition that ν(F 6) = 624 (1 − 1 − 1 − 1) = −1/2, where F = f1f2f3f4 ∈ C[G](H)
is an H-semi-invariant such that F 6 ∈ C[G]H . Thus the element j ∈ DB(G/H)
has a spoke with b(j) = −1/2. There are, up to a constant multiple, exactly two
such homogeneous polynomials that we denote by F1 and F2. Indeed, by using the
generators of H , we determine
F1 = (w + β1x)(w − β1x)(w + β−11 x)(w − β−11 x) = w4 + x4 − 2
√
3iw2x2, and
F2 = (w + β2x)(w − β2x)(w + β−12 x)(w − β−12 x) = w4 + x4 + 2
√
3iw2x2,
where β1 = (1 + i)
1+
√
3
2 and β2 = (1 + i)
1−√3
2 .
Let j1, j2 ∈ DB(G/H) be defined by F1 and F2 respectively. For each (G, σ)-
equivariant real structure µ on G/H , either γ · j1 = j1 (and γ · j2 = j2), in which
case µ extends to Q3, or γ · j1 = j2, in which case µ does not extend to Q3. A
straightforward computation (see § 3.3) yields that{
γ · j1 = j1 for µ : g → σs(g)ω8 and µ : g → σc(g)ω8;
γ · j1 = j2 for µ : g → σs(g) and µ : g → σc(g).
This means that, for µ of the form g → σs(g)ω8 or g → σc(g)ω8, the equivariant
real structure extends to Q3 while for the other two choices of µ, the equivariant
real structure does not extend to Q3.
The last sentence of the statement follows from the fact that the three G-varieties
Q3, V5 and V
MU
22 are projective, and so any equivariant descent datum is effective.

To describe the minimal smooth completions of G/H , when H is conjugate to
Dn, we introduce the following P
1-bundle over P2.
Definition 3.13. Let m ≥ 0 and let κ : P1 × P1 → P2 be the (2 : 1)-cover defined
by
κ : P1 × P1 → P2
([y0 : y1], [z0 : z1]) 7→ [y0z0 : y0z1 + y1z0 : y1z1],
whose branch locus is the diagonal ∆ ⊆ P1 × P1 and whose ramification locus is
the smooth conic C = {[x : y : z] | y2 = 4xz} ⊆ P2. The m-th Schwarzenberger
P1-bundle Sm → P2 is the P1-bundle defined by
Sm = P(κ∗OP1×P1(−m, 0))→ P2.
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Note that Sm is the projectivisation of the classical Schwarzenberger vector bun-
dle κ∗OP1×P1(−m, 0) introduced in [Sch61]. It was first studied by Umemura in
[Ume88, § 4] and then by Blanc-Fanelli-Terpereau in [BFT, § 4.2] in order to deter-
mine the maximal connected algebraic subgroups of the Cremona group Bir(P3).
Proposition 3.14. (see [Ume88, Nak89, Bou00])
Let H ⊆ SL2(C) be a finite subgroup.
• If H is conjugate to D4, then there are three non-isomorphic minimal smooth
completions of G/H. The underlying G-variety in all cases is S2 ≃ P(TP2), and
AutGC (S2) ≃ Z/2Z.
• If H is conjugate to D5, then there are two non-isomorphic minimal smooth
completions of G/H. The underlying G-variety in both cases is P3 = P(R3),
and AutGC (P
3) = {Id}.
• If H is conjugate to Dn with n ≥ 6, then there are two non-isomorphic minimal
smooth completions of G/H. The underlying G-variety in both cases is Sn−2,
and AutGC (Sn−2) = {Id}.
Moreover, the diagrams associated with these G-equivariant embeddings of G/H are
pictured in Figure 5.
...
− 1
2
0
0
0
−1
H = D4
...
− 2
3
− 1
3
− 1
3
0
−1
H = D5
...
b
b1
b1
0
−1
b1 =
4−n
n−2
, b = 3−n
n−2
H = Dn , n ≥ 6
Figure 5. Diagrams for the minimal smooth completions
of G/H when H = Dn (n ≥ 4).
Remark 3.15. To be precise, we represent in Figure 5 only one of the G-equivariant
embeddings for each underlying G-variety. The others are obtained by permuting
the spokes of the same length, which corresponds to apply a non-trivial element
of AutGC (G/H) ≃ NG(H)/H . For D4 there are three choices while for Dn, with
n ≥ 5, there are two choices.
Corollary 3.16. Let σ ∈ {σs, σc}, and let H be a subgroup of G = SL2(C) conju-
gate to Dn with n ≥ 4.
(1) If n = 4, then each minimal smooth completion of G/H admits exactly two
inequivalent (G, σ)-equivariant real structures. Hence, given a real form F of
G, there are exactly two non-isomorphic (R, F )-forms for the G-variety S2.
(2) If n ≥ 5, then each minimal smooth completion of G/H admits exactly one
(G, σ)-equivariant real structure. Hence, given a real form F of G, there is
exactly one (R, F )-form for the G-varieties P3 and Sn−2 with n ≥ 6.
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Proof. The proof is done similarly to that of Corollary 3.12. We can assume without
loss of generality that H = Dn with n ≥ 4. The polynomials which correspond to
the three longer spokes are
F1 = wx, F2 = w
n−2 + xn−2, and F3 = wn−2 − xn−2.
It suffices then to check, for each equivariant real structure on G/H listed in the
table of Appendix C, whether the associated Γ-action fixes each of the three longer
spokes when n ≥ 5, and only permutes the two longer spokes corresponding to
orbits of type C when n = 4. The technique of finding which real structures extend
to the almost homogeneous varieties is similar to the case of H = E6. We omit the
details here. 
More precise information about which equivariant real structures on G/H extend
to the minimal smooth completion G/H →֒ X , possibly after conjugating by an
element of AutGC (G/H) in the case H = D4, is given in the table below.
Subgroup H ⊆ SL2(C) µ on SL2(C)/H Does µ extends to X ?
Dn, n ≥ 4 g 7→ σs(g) Y ES
g 7→ σs(g)ω4n−8 Y ES if n = 4, NO if not
g 7→ σc(g) Y ES if n is even, NO if not
g 7→ σc(g)ω4n−8 Y ES if n is odd or n = 4, NO if not
E6 g 7→ σs(g) NO
g 7→ σs(g)ω8 Y ES
g 7→ σc(g) NO
g 7→ σc(g)ω8 Y ES
E7 g 7→ σs(g) Y ES
g 7→ σc(g) Y ES
E8 g 7→ σs(g) Y ES
g 7→ σc(g) Y ES
Proof of Corollary F: Since H is assumed to be non-cyclic, it is conjugate either
to En with n ∈ {6, 7, 8} or to Dn with n ≥ 4. We can assume without loss of
generality that H = En or H = Dn. Also, since the real group structure σ is
strongly equivalent to σs or σc, we can assume that σ ∈ {σs, σc} by the second part
of Proposition A.
Now if H = En then the result follows from Corollary 3.12, and if H = Dn then
the result follows from Corollary 3.16. 
Using the same techniques, it is certainly possible, with our approach, to deter-
mine also the real forms of the minimal smooth completions when H is conjugate
to An. However, in this case the group Aut
G
C (G/H) is infinite (see Lemma 3.3) and,
for each n ≥ 1, there are between seven and eleven minimal smooth completions
of G/H to consider (depending on n), up to a G-equivariant automorphism of the
dense open orbit G/H . Moreover, the underlying G-varieties are not all projective,
which makes the question of the effectiveness of the Galois descent non-trivial in
this case. Therefore, to prevent this article from becoming too lengthy, we chose
not to treat the case where H is a cyclic subgroup of G.
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Appendix A. Some technical conditions
A.1. Conditions (C), (F), and (W). In this subsection we explain what are the
conditions (C), (F), and (W) mentioned in the statement of Proposition 2.11 and
in the proof of Theorem 2.12.
We follow the notation of Proposition 2.11, and we denote K = k(Z) and
K(B) = {f ∈ K∗ | ∃χ ∈ X(B), ∀z ∈ Z, ∀b ∈ B, (b · f)(z) = χ(b)f(z)}.
We refer to [Tim11, § 13] for the proofs of the following statements.
• Condition (C) (⇔ Quot(A[W ,R]) = K) is
∀V0 ⊆ W ⊔R, V0 finite, ∃f ∈ K(B) such that
{
ν(f) ≥ 0, ∀ν ∈ W ⊔R; and
ν(f) > 0, ∀ν ∈ V0.
• Condition (F) (⇔ A[W ,R] is finitely generated) is
A[W ,R]U = k[f ∈ K(B) | ∀ν ∈ W ⊔R, ν(f) ≥ 0] is finitely generated
(where U is the unipotent radical of B).
• Condition (W) (⇔ all valuations of W are essential for A[W ,R]) is
∀ω ∈ W , ∃f ∈ K(B) such that
{
ν(f) ≥ 0, ∀ν ∈ W ⊔R \ {ω}; and
ω(f) < 0.
Here the word essential refers to ring theory: A valuation ν ∈ W⊔R⊔ (D\
DB) is essential for A[W ,R] if it cannot be removed from the right-hand
side of the equality (H). Let us note that by [Tim11, Proposition 13.7 (1)]
all valuations from R and D \ DB are essential for A[W ,R].
A.2. Conditions to meet to have a model over an algebraically closed
field. We now assume that k = k and we use the notation of § 2.1. Let (Wi,Ri)i∈I
be a collection of pairs with Wi ⊆ VG and Ri ⊆ DB.
In this subsection we give the list of the conditions that the collection (Wi,Ri)i∈I
must meet to define an equivalence class of G-models of X0. (These conditions are
mentioned in the statements of Theorem C and Theorem 2.6.)
Definition. For a given pair (Wi,Ri) as above, we define its support Si as the
subset of all elements ν0 ∈ VG satisfying
∀f ∈ K(B), (ν(f) ≥ 0, ∀ν ∈ Wi ⊔Ri)⇒ ν0(f) ≥ 0,
and if > occurs in the left-hand side, then ν0(f) > 0.
By [Tim11, § 14.2], the collection (Wi,Ri)i∈I defines an equivalence class of
G-models of X0 if and only if
• the supports Si, i ∈ I, are non-empty and pairwise disjoints in VG; and
• there exist r ≥ 1 and I1, . . . , Ir subsets of I such that
(1)
⋃r
j=1 Ij = I;
(2) for each j ∈ {1, . . . , r}, the pair ⋃i∈Ij (Wi,Ri) satisfies the conditions (C),
(F), and (W) listed in § A.1 (with Z = X0); and
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(3) for each i0 ∈ I, for each j ∈ {1, . . . , r} such that i0 ∈ Ij , the element
ω ∈ ⋃i∈Ij (Wi ⊔Ri) belongs to Wi0 ⊔Ri0 if and only if we have ω(f) = 0 for
all f ∈ K(B) such that
ν0(f) = 0 and ν(f) ≥ 0, ∀ν ∈
⋃
i∈Ij
(Wi ⊔Ri),
where ν0 is some fixed element of Si0 .
Remark. The number r and the subsets I1, . . . , Ir of I are not unique in general
(see [Tim11, Remark 14.3]).
Appendix B. Luna-Vust theory for equivariant
embeddings of SL2(C)/H
In this appendix we recall how the Luna-Vust theory specializes to classify the
equivariant embeddings of homogeneous SL2(C)-threefolds; this is used in §§3.3-3.4.
This description, in terms of ”skeleton diagrams” (see Figure 6 below), was first
given by Luna-Vust [LV83, § 9] for equivariant embeddings of SL2(C), and then
later generalized to equivariant embeddings of homogeneous SL2(C)-threefolds by
Moser-Jauslin [MJ87, MJ90] and Bousquet [Bou00].
Remark. There is another description for equivariant embeddings of SL2(C)/H , in
terms of colored hypercones, due to Timashev [Tim97, § 5] (see also [BMJ04] for a
smoothness criterion in terms of these data), but in this article we chose to use the
former description.
B.1. The colors. Let H ⊆ G = SL2(C) be a finite subgroup, and let B =
[
∗ 0
∗ ∗
]
which is a Borel subgroup of G. We recall that the set of colors of G/H is
DB = DB(G/H) = {B-stable prime divisors of G/H}.
This set identifies with
B\G/H ≃ P1/H, BgH 7→ [1 : 0] · gH.
Let us make the identification between DB and P1/H more explicit. We denote the
coordinate ring of G by C[G] = C[w, x, y, z]/(wz − xy − 1) with g =
[
w x
y z
]
∈ G.
Then the colors of G are parametrized as follows:
∀[α : β] ∈ P1, D[α:β] = Z(αw + βx) ⊆ G.
(Here Z(αw + βx) denotes the zero locus of the regular function αw + βx in G.)
Now consider the natural right action of H on P1 ≃ B\G. The colors of G/H
identifies with P1/H as follows:
∀[α0 : β0] ∈ P1/H, D[α0:β0] = Z (αw + βx) ⊆ G/H,
where [α : β] ∈ P1 is any representative of [α0 : β0].
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B.2. The G-invariant geometric valuations. In this subsection, for each finite
subgroup H of G = SL2(C), we describe the set
VG = VG(G/H) = {G-invariant geometric valuations of C(G/H)}.
We first consider the case where H is trivial. Any B-invariant geometric valua-
tion on C(G) is determined by its restriction on the subset
P1 ≃ {αw + βx | [α : β] ∈ P1} ⊆ C[G].
Moreover, if ν ∈ VG(G), then there exist [α0 : β0] ∈ P1 and relatively prime
integers p and q, with q ≥ 1 with −1 ≤ r = p
q
≤ 1 such that ν(α0w+ β0x) = p and
ν(αw + βx) = −q for all [α : β] 6= [α0 : β0]. Therefore
VG(G) ≃ {P1 × ([−1, 1] ∩Q)}/ ∼,
where ([α : β],−1) ∼ ([0 : 1],−1) for all [α : β] ∈ P1.
After an appropriate normalization, we can choose the element ν of VG(G) cor-
responding to ([α0 : β0], r) to satisfy ν(α0w + β0x) = r and ν(αw + βx) = −1
for all [α : β] 6= [α0 : β0]. For j ∈ P1 and r ∈ [−1, 1] ∩ Q, we denote by ν(j, r)
the G-invariant geometric valuation corresponding to (j, r). When r = −1, the
valuation ν(j,−1) does not depend on j; we denote this valuation by ν0.
Now for any finite subgroup H ⊆ G, the set VG(G/H) is obtained from VG(G).
More specifically, the restriction map VG(G)→ VG(G/H) is onto, where C(G/H)
is identified with a subfield of C(G) through C(G/H) ≃ C(G)H ⊆ C(G). Also, any
valuation of VG(G/H) is determined by its restriction on the subset
 ∏
[α,β]∈[α0,β0]·H
αw + βx

Card(H)
Card([α0,β0]·H)
∣∣∣∣∣∣∣ [α0 : β0] ∈ P1/H
 ⊆ C[G]H .
For each j ∈ P1/H , let ĵ ∈ P1 be a representative of j. Let r̂ ∈ [−1, 1] ∩ Q.
The restriction of the valuation ν(ĵ, r̂) ∈ VG(G) to C(G/H) yields a valuation of
VG(G/H) such that, after a suitable normalization, its value on any j′ ∈ P1/H \{j}
is −1 and its value on j is some rational number r ≥ −1. We denote this valuation
by ν(j, r) ∈ VG(G/H).
Let b(j) ∈ Q be the maximum rational number r such that VG(G/H) has a
valuation of the form ν(j, r). In particular, for H ⊆ {±I2}, we have b(j) = 1 for
all j. In general, b(j) is indicated in the diagrams of Figure 6. (Since VG(G/H)
depends on H only up to conjugacy, we can always assume that H is one of the
finite subgroups listed in Proposition 3.1.)
Let us note that the set of valuations corresponding to the closure of a two-
dimensional G-orbit in some G-equivariant embedding of G/H is given by
VG1 (G/H) = VG(G/H) \ {ν0}.
On the other hand, the valuation ν0 corresponds to an infinite union of G-orbits.
B.3. Colored data and facets of orbits. We now give a description of all possi-
ble colored data (see Definition 2.3) of the G-orbits of the G-equivariant embeddings
of G/H . We will also describe the facet of each orbit, i.e. the set of valuations in
VG1 (G/H) which dominate the local ring of the closure of the given orbit.
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...
1
−1
H = A1 or A2
...
b
1
1
−1
b = 4
m
− 1
H = An , n ≥ 3
...
b
b1
b1
0
−1
b1 =
4−n
n−2
, b = 3−n
n−2
H = Dn , n ≥ 4
...
− 5
6
− 1
2
− 1
2
− 2
3
−1
H = E6
...
− 11
12
− 5
6
− 2
3
− 3
4
−1
H = E7
...
− 29
30
− 14
15
− 5
6
− 9
10
−1
H = E8
Figure 6. The set VG(G/H). Each spoke of the diagram corre-
sponds to a point of P1/H . The center corresponds to the valuation
ν0(αw + βx) = −1 for all [α, β] ∈ P1. In the caption of H = An,
we denote by m the least common multiple of 2 and n; in other
words, m = n if n is even, and m = 2n if n is odd.
As in [LV83], we divide the (non-open) G-orbits into six types, and we describe
the facet and give the colored data (VGY ,DBY ) with VGY ⊆ VG and DBY ⊆ DB ≃ P1/H
of a G-orbit Y for each type.
• Type C(j, r) (2-dimensional orbit): j ∈ P1/H and r ∈ Q∩]− 1, b(j)].
For this case, VGY = {ν(j, r)} is a single element of VG1 (G/H), DBY = ∅, and
the facet of Y is {ν(j, r)}.
• Type AN (j1, . . . , jN , r1, . . . , rN ) (orbit isomorphic to P1): j1, . . . , jN are N
distinct elements of P1/H , and ri ∈ Q∩]− 1, b(ji)] for each 1 ≤ i ≤ N .
Suppose also that
∑N
i=1
1
1+ri
≥ 1. Then VGY = {ν(j1, r1), . . . , ν(jN , rN )} and
DBY = P1/H \ {j1, . . . , jN}. The facet of Y is
N⋃
i=1
{ν(ji, si) | − 1 < si < ri} ∪ {ν(j, s) | j 6∈ {j1, . . . , jN},−1 < s ≤ b(j)}.
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• Type AB(j, r1, r2) (orbit isomorphic to P1): j ∈ P1/H , and r1, r2 are two ra-
tional numbers satisfying −1 ≤ r1 < r2 ≤ b(j). Then VGY = {ν(j, r1), ν(j, r2)}
and DBY = ∅. The facet of Y is {ν(j, s) | r1 < s < r2}.
• Type B+(j, r) (orbit isomorphic to P1): j ∈ P1/H , and r ∈ Q ∩ [−1, b(j)[.
Then VGY = {ν(j, r)} and DBY = {j}. The facet of Y is {ν(j, s) | r < s ≤ b(j)}.
• Type B−(j, r) (orbit isomorphic to P1): j ∈ P1/H , and r ∈ Q∩]0, b(j)[. Then
VGY = {ν(j, r))} andDBY = P1/H\{j}. The facet of Y is {ν(j, s) | r < s ≤ b(j)}.
• Type B0(j, r) (fixed point): j ∈ P1/H , and r ∈ Q∩]0, b(j)[. Then VGY =
{ν(j, r))} and DBY = P1/H . The facet of Y is {ν(j, s) | r < s ≤ b(j)}.
An orbit can be represented on the set VG(G/H) by marking its facet. Since the
facets for orbits of types B−, B0 and B+ are the same, one indicates the different
types of orbits with a sign 0, + or −; see §§ 3.3-3.4 for some examples.
B.4. Conditions to meet to have an equivariant embedding. Using the
facets, the conditions given in Appendix A.2 for determining which set of orbits
form a G-equivariant embedding X of G/H simplifies as follows. A union of orbits
form such a variety X if and only if the following conditions are verified:
(i) The facets of the different orbits are disjoint.
(ii) The union of all the facets is closed in VG1 (G/H), where the topology is the
one induced by the Euclidean topology on P1 × ([−1, 1] ∩Q).
(iii) If X has an infinite number of orbits, then X contains a G-stable hyper-
surface whose associated valuation is given by ν0 ∈ VG(G/H). This means
that X contains all but finitely many orbits of type B+(j,−1). Also, in this
case, the number of orbits of other types is finite.
(iv) If X has a finite number of G-orbits, then it has no orbit of type B+(j,−1).
Moreover, the G-variety X is complete if and only if the union of the facets is
VG1 (G/H). It is quasiprojective if and only if it has at most one orbit of type B−
or B0. Note that type B− and B0 orbits only occur if the subgroup H is cyclic,
since in all other cases, we have b(j) ≤ 0 for all j ∈ P1/H . In particular, if H is
not cyclic, then any G-equivariant embedding X of G/H is quasiprojective, and so
any descent datum on X is effective (see § 1.2).
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Appendix C. Equivariant real structures on SL2(C)/H
Subgroup H ⊆ SL2(C) µ for σ = σs real locus of µ µ for σ = σc real locus of µ
A1 g 7→ σs(g) SL2(R) g 7→ σc(g) SU2(C)
g 7→ −σc(g) ∅
A2 g 7→ σs(g) PSL2(R)I2 ⊔ PSL2(R)ω4 (= PGL2(R)) g 7→ σc(g) PSU2(C) (≃ SO3(R))
g 7→ σs(g)e ∅ g 7→ σc(g)e ∅
An, n ≥ 3, n odd g 7→ σs(g) SL2(R)I2 ⊔ SL2(R)ω2n g 7→ σc(g) SU2(C)/An
g 7→ −σs(g)f SL2(R)d−1 g 7→ −σc(g) ∅
g 7→ −σs(g)fω2n SL2(R)d
An, n ≥ 4, n even g 7→ σs(g) PSL2(R)I2 ⊔ PSL2(R)ω2n g 7→ σc(g) SU2(C)/An
g 7→ σs(g)e
 ∅ if n ≡ 2 [4]PSL2(R)d ⊔ PSL2(R)d−1 if n ≡ 0 [4] g 7→ σc(g)e ∅
g 7→ σs(g)eω2n
 PSL2(R)d ⊔ PSL2(R)d−1 if n ≡ 2 [4]∅ if n ≡ 0 [4] g 7→ σc(g)ω2n ∅
Dn, n ≥ 4 g 7→ σs(g)
 PSL2(R)I2 ⊔ PSL2(R)ω4n−8 ⊔ PSL2(R)d if n ≡ 0 [2]PSL2(R)I2 ⊔ PSL2(R)d if n ≡ 1 [2] g 7→ σc(g) SU2(C)/Dn
g 7→ σs(g)ω4n−8
 PSL2(R)ω8n−16 if n ≡ 0 [2]PSL2(R)ω8n−16 ⊔ PSL2(R)ω−18n−16 if n ≡ 1 [2] g 7→ σc(g)ω4n−8 ∅
E6 g 7→ σs(g) PSL2(R)I2 g 7→ σc(g) SU2(C)/E6
g 7→ σs(g)ω8 6= ∅ g 7→ σc(g)ω8 ∅
E7 g 7→ σs(g) 6= ∅ g 7→ σc(g) SU2(C)/E7
E8 g 7→ σs(g) 6= ∅ g 7→ σc(g) SU2(C)/E8
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